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By means of a portable, graduated spring balance thus constructed we are 
able theoretically to measure any force, anywhere, in terms of the arbitrarily 
chosen unit of force represented by our originally chosen standard spring. This 
simple, concrete notion of what a force means should not be complicated, at this 
stage, by any discussion of what a force will do, or by any inquiry as to how the 
ultimate unit of force can best be preserved for posterity. The important 
thing for the student to understand is that, theoretically at least, a force is always 
measurable by a spring balance, just as temperature is measurable by a ther- 
mometer, or time by a clock. Details of construction and standardization of 
the instrument should be postponed until later. 

The following definitions will be important during the course: 

(a) The component, or resolved part, of a force along a fixed axis is the magni- 
tude of the force times the cosine of the angle which it makes with the axis. 

(b) In a given plane, the moment of a force about a fixed point O in the plane 
is the magnitude of the force times the perpendicular distance from O to the 
line of action of the force. (The definition of the moment of a force about a 
skew axis in space need not be given until later in the course.) 

As a matter of notation it is convenient to represent known forces by arrows 
with large closed heads, and unknown forces by arrows with large open heads; 
also to indicate the positive direction along a fixed axis by a small feathered 
arrow and the positive direction of rotation in the plane by a small, curved, 
feathered arrow. 
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Matter. The last of our undefined concepts, namely the notion of inert 
material bodies, is also sufficiently familiar, provided we take it just as it comes, 
in its naive, original form, and do not attempt to endow our material bodies 
with all sorts of mystical properties like “forces of inertia.” A material body 
is passive. Force is the active agent, by which dead matter is buffeted about 
according to our will. All that we really need to know about matter, at the start, 
is that any given piece of matter, or any given collection of pieces, may be sup- 
posed to preserve its identity throughout any given discussion. 

These, then, are our fundamental concepts: length and time, as measured 
by a meter stick and a clock; force, as measured by a spring balance; and inert 
lumps of matter, upon which our forces act. 

Let us now turn to the fundamental principles, that is, the unproved proposi- 
tions, of the theory. 


II. FUNDAMENTAL PRINCIPLES OF THE DYNAMICS OF A SINGLE PARTICLE. 


To simplify the treatment, let us begin with the study of bodies which can 
be treated as particles. A particle is any material body which, for the particular 
purpose in hand, may be regarded as concentrated at a single point. Moreover, 
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let us assume for the present that all our observations are referred to a fixed 
frame of reference. 

The fundamental question of dynamics is then the following: If a force gets 
hold of a free particle, and proceeds to act on it, what happens to the particle? 
The answer is contained in the first of our fundamental principles, namely: 

1. The principle of force and acceleration. A free particle, when acted on by 
a force, acquires an acceleration in the direction of the force; furthermore, if a given 
particle is acted on at different times by two forces F and F’, and if a and a’ are 
the corresponding accelerations, then 


F/F’ = aja’; 


that is, the accelerations are proportional to the forces. 

This is what I like to describe as the fundamental equation of dynamics. 
It is best regarded as a scientific hypothesis, the truth of which has been abun- 
dantly verified by experiment. But its truth is not by any means obvious. For 
example, the immediate corollary that if no force is acting on a body, then there 
is no change in the velocity of the body, seems at first sight to contradict our 
commonest experience of motions which appear to die down of themselves. 
No pains should be spared to make clear by numerous concrete examples, in- 
cluding especially examples involving frictional forces, the full meaning of this 
equation. Each teacher will devise his own illustrations. All that I can do 
here is to point out that this principle of proportionality is really the kernel of 
the whole matter. However well a student may have done in statics, he cannot 
be said to have made even a fair start in dynamics until he has learned to asso- 
ciate force and acceleration inseparably in his mind. 

Let us see what this principle enables us to do. We are on a desert island. 
We have our spring balance and our clock, and we are curious to discover the 
dynamical properties of each of the several inert lumps of matter that we find 
on the island. How do we proceed? Having selected any particular body for 
study, the essential thing is to ascertain by experiment (directly or indirectly) 
what acceleration would be produced in that body by some known force. Sup- 
pose, for example, that the given body proves to be such that a force of 10 lbs. 
gives it an acceleration of 2 ft./sec?. Then the fundamental proportion enables 
us to state at once exactly what acceleration any other force would produce in 
that body. 

Note on inertia. Since for any given body the ratio of the force to the accel- 
eration produced is constant, the value of this ratio, F/a, is a characteristic of 
the body, which may be called its inertia. A body which requires a force of 10 
Ibs. to give it an acceleration of 2 ft./sec®. has an inertia of 5 lbs. per (ft./sec’.). 
The unit of inertia is thus a compound unit, namely a unit of force divided by a 
unit of acceleration; but as we shall see presently, this unit is one that seldom 
need be used in practice. The important thing to remember is that a separate 
experiment is required to determine the inertia of each individual body, and 
that when the inertia of any given particle is known, then the behavior of that 
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particle under any given force can be predicted by the aid of the fundamental 
equation. 

Up to this point we have tacitly assumed that our particle is acted on by only 
one force at a time. Suppose now that the particle is acted on by several forces 
simultaneously. 

To cover this case we state a second and a third fundamental principle, as 
follows: 

2. The principle of the vector addition of forces, which may be analyzed into 
two parts, as follows: 

(a) Two forces acting in the same line on the same particle may be replaced by a 
single force which is their algebraic sum. 

This part (a) of principle 2 is all that we need, besides principle 1, for the 
dynamics of a single particle in one dimension. 

(b) Two forces, acting at right angles to each other on the same particle, may be 
replaced by a single force which is equal to the diagonal of the rectangle formed by 
the given forces. 

3. The principle of the independence of two perpendicular forces. Suppose 
a particle P is acted on simultaneously by two perpendicular forces, F, and F,, 
one of which always remains parallel to the x axis, and the other always parallel to. 
the y axis. Then the motion of the projection, P,, of P on the x axis will be the same 
as if F, were the only force acting; and the motion of the projection, P,, of P on the 
y axis will be the same as if F,, were the only force acting. 

These principles are not wholly independent, since either 2(b) or 3 can be 
derived from the other by the aid of the principle of force and acceleration; on 
account of their simplicity, however, it seems preferable to assume them both. 

From these principles it follows that if a particle P is acted on by any forces. 
in the plane, the sum of the components of the forces along the z axis will deter- 
mine the component of the motion along the z axis, while the sum of the com- 
ponents of the forces along the y axis will determine the component of the motion 
along the y axis. In other words, the general problem of the motion of a particle 
in a plane reduces to two simpler problems, each of which can be solved by the 
one-dimensional theory. 

The extension of the method to the motion of a particle in three dimensions. 
requires no new principles. 


III. Weicut AND ACCELERATION. 


The theory, as so far developed, is entirely general, so general, in fact, as to 
appear rather abstract to beginners. It is desirable therefore to “come down to 
earth” as soon as possible, and see how the fundamental equation looks when 
applied to the simplest case of terrestrial force, namely, the force of gravity, or 
weight. 

Definition. The weight, W, of a body, in a given locality, with respect to a 
given frame of reference, is best defined as the force required to support the body 
at rest with respect to that frame in the given locality. 
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Thus, if I plant a tripod in any locality on the earth (or on Mars), and suspend 
a kettle by a spring balance underneath the tripod, the reading of the spring 
balance gives immediately the local weight of the kettle with respect to the earth 
(or to Mars); all the measurements being made, of course, in terms of the 
standard unit of force. 

Closely connected with the weight of the body is the “falling acceleration” 
of the body. 

Definition. The falling acceleration of a body, in a given locality, with respect 
to a given frame of reference, is best defined as the acceleration with which the 
body, initially supported at rest in that locality, would begin to fall (in vacuo) 
if the supporting thread were broken—this acceleration being measured with 
respect to the given frame of reference. 

I have stated these two definitions in a somewhat general form, so that they 
may apply without change to the case of a moving frame of reference. We now 
have the following theorem, which holds true for either fixed or moving axes: 

TuHEeorEM. If W is the weight of a given body, in a given locality, and g is the 
falling acceleration of that body in the same locality, then the ratio W/g is independent 
of the locality, and is a correct expression for the inertia of the body. 

The proof for the case of fixed axes follows immediately from principles 1 
and 2a. The proof for the case of moving axes belongs later in the course. 

By the aid of this theorem (for fixed axes), our fundamental equations for the 
motion of a single particle in a plane can be written in the useful form 


F, = (W/g)é, = 


where F, is the sum of the components of the forces along the z axis, 
F, is the sum of the components of the forces along the y axis, 
#, j are the second derivatives of the x and y codrdinates of the particle 
with respect to the time, 
W is the weight of the particle in any locality, 
and g is the falling acceleration of the particle in that locality. 


The particular advantage of using the expression W/g for the inertia of a 
particle, instead of the general expression F’/a’, is due to the following theorem: 

TuHEeorEM. In any given locality, the falling accelerations of all bodies are equal. 

This theorem can be proved from general considerations; or, if preferred, it 
may be accepted as an empirical fact. 

The locality in which g = go = 980.665 cm./sec?. = 32.1740 ft./sec’. has been 
adopted by international agreement as the “standard locality,” and the weight 
of the body in that locality is called the standard weight of the body. Since, 
now, the standard value of g is the same for all bodies, we see that the inertia of a 
body is immediately determined when we know its standard weight. For example, 
if the standard weight of a body is 3 lbs., we know that a force of 3 lbs. will 
give the body the standard acceleration go. In practice, therefore, we seldom 


1 First stated in this form in Science, July 30, 1915, page 161. 
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need refer to the inertia of a body by its original compound name; we speak simply 
of a 3 lb. body, or a body whose standard weight is 3 lbs. By so doing we link 
up the abstract general theory with common commercial terminology, without 
any loss of scientific precision. 

Any two bodies which balance each other on a beam balance have obviously 
the same local weight, and hence, by inference, the same inertia. It should be 
noted, however, that the process of balancing two bodies on a beam balance 
gives us no information about the inertia of either body by itself; it tells us merely 
that the inertia of one, whatever it may be, is the same as the inertia of the 
other. 

Note on “mass” and “ quantity of matter.’ A lump of matter whose standard 
weight is 3 lbs. is often spoken of as a mass of three pounds; or again, such a 
body is often said to have a mass of three pounds, or to contain three pounds of 
matter. ‘Thus if we are told that a certain body “has a mass of 3 pounds,” we 
are to understand that for that body W (in the standard locality) = 3 lbs. 
Similarly for the kilogram, ete. 


IV. ACCELERATIONS ALONG THE TANGENT AND NORMAL. 


In writing the differential equations of motion, the axes of reference may 
be chosen at pleasure, provided they remain fixed throughout the discussion. 
It is often convenient to take as these fixed axes the tangent and normal to the 
path of the particle at some fixed point, Q, of the path. Then, at the instant 
when the particle is passing through Q, its acceleration-components along the 
tangent and normal have the values 


dedi, and ay=/r, 


where v is the “path-velocity” of the particle at the instant in question, and r 
is the radius of curvature of the path at the point Q. 
In case the path of the particle is a circle of radius r, 


ay = rw’, 


where w = d6/dt is the angular velocity, in radians per unit of time, and w = dw/dt 
is the angular acceleration. All these expressions are of great importance. 
The existence of the acceleration along the normal is apt to surprise and 
perplex the beginner, and no pains should be spared to make the proof con- 
vincing. One method is the following: Let Fig. 4 represent snap-shots of the 
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moving particle P, and let Py be the projection of P on the normal axis. Then, 
by the acceleration-component of the original particle P along the normal axis, 
we mean simply the actual acceleration of the point Py along that axis. Now if 
we draw a snap-shot picture of the point Py, we see at once that P, has a finite 
acceleration in the direction QN throughout the whole neighborhood of the 
instant at which it passes through Q. The existence of the normal acceleration 
being thus made evident, its magnitude can be readily computed by familiar 
methods of kinematics. 

We mention also the expressions for acceleration along and perpendicular 
to the radius vector in polar coérdinates: 


d (dr ld 
= dy = (rw). 


VY. FUNDAMENTAL PRINCIPLES OF THE DyNAMICS OF A SYSTEM OF PARTICLES. 


In the preceding sections, we have dealt only with the motion of a single 
particle. In dealing with a system of particles (and we shall suppose that every 
material body is composed of particles) it is important to distinguish between 
the external and the internal forces of the system. In regard to the external forces, 
that is, those which are impressed on the system from without, we should note 
that each force has its own definite point of application. In regard to the in- 
ternal forces, we require a fourth and last fundamental principle, as follows: 

4. Principle of action and reaction. When two particles are in contact with 
each other, or attract or repel each other according to any law like that of gravitation 
or magnetism, the interaction between them may be represented by a pair of twin 
forces, equal in magnitude and opposite in direction—one of the twins acting on 
one particle and one on the other, along their joining line. 

In brief, the principle of action and reaction asserts that the internal forces 
of a system occur in pairs of twin forces.! 

Two definitions are important at this point: 

Definition. Center of mass. The centroid, or center of mass,’ of a system of 
particles in a plane, is a point, (%, 7), such that at every instant Z is the weighted 
average of the 2’s of the several particles, and 7 the weighted average of the y’s 
of the several particles; that is, 


+ + +++ + 


W1 + We + + Wh 


1If we think of the material universe as a whole, it must be admitted that all forces are 
internal forces, and hence that all forces occur in pairs; but in every practical problem, what we 
do first is to “isolate’”’ some definite portion of the universe; that is, we pass a knife, as it were, 
around the boundary of that portion, dissecting each pair of twin forces that acts across the 
boundary into its two constituent forces, one of which we regard as an “external force’’ acting on 
our portion, the other of which we ignore. Whether a given force shall be called an external or 
an internal force depends entirely cn what portion of the universe we are “isolating.” 

2 The term “center of mass” is intended to suggest merely the center of the material of 
which the body is composed. A better term might be the ‘center of matter.’?’ The more com- 
mon term “center of gravity’’ is apt to be misleading. 
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or in case of a continuous body, 


(with similar expressions for 7), where w1, we, --+ are the standard weights of 
the several particles. It is easily shown that the position of this point with 
respect to the material system is independent of the choice of axes. 

Theorem on the motion of the center of mass. If, in a plane, a system of par- 
ticles, of total weight W, is acted on by any forces, then, at any instant, 


and F, = 


where F, is the sum of the components of the external forces along OX, 

F,, is the sum of the components of the external forces along OY, 
and &, 7 are the acceleration components of the associated point which we have called 
the center of mass. 

This theorem enables us to determine the motion of the center of mass of a 
system without any use of the internal forces. 

The proof of the theorem consists simply in writing the differential equation 
of motion for each particle (taking account of both the external and the internal 
forces that act on that particle), and adding these equations; the internal forces 
will be found to cancel out by pairs. 

The extension to three dimensions is obvious. 

Definition. Radius of gyration about a given axis. Suppose a body is com- 
posed of particles whose distances from a given axis, fixed in the body, are rj, re, 
-++,%. Then the radius of gyration of the body about that axis is a distance, k, 
such that the square of & is the weighted average of the squares of the r’s of the 
several particles; that is, 


or, in case of a continuous body, 


The following properties of the radius of gyration follow readily from the 
definition: 

(a) If & is the radius of gyration about any axis, and k the radius of gyration 
about a parallel axis through the center of mass, then k? = k? + a?, where a is 
the distance between the axes. 

(b) In case of a lamina in the z-y plane, if & is the radius of gyration about 
an axis perpendicular to the plane at the origin, then #? = k2+ k,?, where 
k, and k, are the radii of gyration about the z and y axes, respectively.! 


1 The radius of gyration, k, seems to me a more tangible and useful quantity in dynamics 
than the so-called “moment of inertia.” If you ask a student to estimate by eye the moment of 


f dw 
f dw 


10 THE LOGICAL SKELETON OF ELEMENTARY DYNAMICS. 


The student should know enough of the calculus to be able to find the center 
of mass and radius of gyration of all the simpler bodies by integration. 

We are now in position to study the general problem of the motion of a rigid 
body in a plane. 5 

First, we define the angular acceleration, 0, or w, of a rigid body in a plane 
as the second time-derivative of the angle @ which a line fixed in the body makes 
with a line fixed in the plane. Then we establish the following theorem: 

Theorem of rotation, or Theorem of moments about a point fixed in the body. 
If a rigid body, free to move in any manner in the plane, is acted on by any forces, 
and if Q is any suitably chosen point fixed in the body, then, at any instant, 


Fp = (W/g)k*a, 


where w is the angular acceleration of the body at the instant in question, Fp is the 
sum of the moments of the external forces about Q at that instant, and k 1s the radius 
of gyration of the body about Q. Here any point Q, fixed in the body, is a suitable 
point about which to take moments, provided either: (a) Q is fixed in the plane 
(this is the case of rotation about a fixed axis); or (b) Q coincides with the center of 
mass; or (c) Q has a vector acceleration the direction of which passes through the 
center of mass. 

This theorem enables us to determine the angular acceleration of the body 
without any consideration of the internal forces. 

The proof of the theorem for case (a) consists essentially in setting up a differ- 
ential equation of motion for each particle separately, taking account of both 
internal and external forces, and choosing the axis along the tangent to the 
path in each case. Then, after multiplying each equation by a suitable factor 
and adding, we find that the internal forces will cancel out by pairs. The proof 
for the other cases follows without difficulty.! 


inertia of a baseball bat about an axis through one end, he will be entirely at a loss to reply. He 
probably will not know even the name of the unit in which moment of inertia is measured. But 
if you ask him to estimate the radius of gyration of the bat about one end, he will see at once 
that something like 2 feet would be a plausible answer. The ability to give an approximate 
estimate of the numerical magnitude of the quantities with which one has to deal seems to me a 
very important consideration in favor of the use of radius of gyration instead of moment of inertia. 
Furthermore, the statement of theorem (a), above, is decidedly simpler in terms of radius of gyra- 
tion than it would be in terms of moment of inertia. A similar remark applies to the following 
theorems: 

(c) If a physical pendulum is swung about a fixed axis, then k*? = al, where k is the radius of 
gyration of the pendulum about the axis, a = the distance from the axis to the center of mass, 
and / = the length of the isochronous simple pendulum. 

(d) If a submerged vertical plane area serves as a dam, then k? = Zp, where k = the radius 
of gyration of the area about the water line, 7 = the distance from the water line to the center 
of mass of the area, and p = the distance from the water line to the center of pressure. 

Neither of these theorems could be so simply stated in terms of moment of inertia. 

Finally, the inappropriateness of the term ‘‘moment’’ should be noted; for moment of inertia 
is not the product of an inertia and a lever arm. If the concept is to be used in dynamics at all, 
the term “spin inertia,’ suggested by Professor W. S. Franklin to denote the quantity Wk*, is 
recommended. 

1 For one method of proof, see a paper by the present writer in the AMERICAN MaTHEMAT- 
1caL Monta ty, Vol. 21, pp. 315-320, December, 1914. 
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An easy way to recall to mind the form of this important equation is the 
following: consider the motion of a single particle, attached to a fixed axis by a 
weightless arm, k, and acted on by a single force at right angles to the arm; 
then write the differential equation of motion along the tangent to the path, 
and note that » = kw. 

These two theorems, the theorem of the center of mass and the theorem of 
rotation, bring us nearly to the end of our inquiry. For the principles and 
theorems here set forth, small as their number may seem, are sufficient for the 
solution of any elementary problem in the motion of a rigid body in two dimen- 
sions, as far as the dynamics of the problem is concerned. The only difficulties 
which remain are connected with the solution of the differential equations of 
motion; these difficulties are of a purely mathematical sort, and will not be 
considered here. Even for problems in three dimensions, no new dynamical 
principles. are required, the only complications which arise being chiefly of a 
kinematical nature. 

No discussion of dynamical principles would be complete, however, without 
mention, at least, of the useful theorem of work and kinetic energy, and the 
somewhat less important theorems of impulse and momentum (linear and angu- 
lar). These theorems, while not essential for the theoretically complete solu- 
tion of a problem, will often yield certain partial results of great value, with 
much less labor than the use of the general equations of motion would require. 


VI. Work Kinetic ENERGY. 


Definition. The work done by a force F, during a given interval from t, to ta, 
is defined as the quantity 


U= t [Feds U= Feds, 


where F,, F,, F, are the components of F along the axes, and dz, dy, dz refer to 
the projections on the axes of the particle P on which F acts; or, where ds is the 
element of are of the path traced by P, and F, is the component of F along the 
tangent to the path. 

In brief, Work = Force X Distance. 

In applying this definition, it is important to note that every force must have 
a definite particle P as its point of application. . 

Definition. The kinetic energy of a particle w, at a given instant, is defined as 
the quantity 


KE. = (w/g)(0*/2), 


where v is the path velocity of the particle at that instant. 

To recall these definitions to mind, for the case of a constant force, we have 
merely to note the result of integrating the fundamental equation F = (W/g)dv/dt 
with respect to 2; the left side gives work, the right side, change in kinetic energy. 
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Theorem of work and kinetic energy. In any system of particles, the total 
WORK DONE by all the forces (both external and internal), during any interval, is 
equal to the total GAIN IN KINETIC ENERGY during that interval. But in the case 
of a rigid body, the work done by the internal forces is zero, so that in applying the 
theorem to the case of a rigid body, only the external forces need be considered. 

Note 1. In case of a rigid body rotating about a fixed axis (fixed in the body 
and fixed in space), the kinetic energy at any instant is (W/g)k?(w?/2), where k 
is the radius of gyration of the body about that axis, and w is the angular velocity 
of the body. In other words, if a rigid body is rotating about a fixed axis, its 
kinetic energy is the same as if all its material were concentrated at a distance k 
from that axis. 

Note 2. In the case of a rigid body moving in any manner in a plane, the total 
kinetic energy, at any instant, is given by 


(W/g)(#/2) + (W/g)k2(w*/2), 


where 37 is the path velocity of the center of mass at the given instant, 
w is the angular velocity of the body at that instant, 
and_ ik is the radius of gyration of the body about the center of mass. 
The first term of this expression is the translational kinetic energy (as if all 
the material were concentrated at the center of mass); the second term is the 
rotational kinetic energy (as if the center of mass were fixed). 


VII. Imputse anp MoMENTUM. 


Definition. The impulse of a force F during a given interval from t, to te, is 
defined as a vector quantity whose components along the axes of reference are 


ate te 2 
F. dt, F, dt, F. dt, 
ty 


where F,,, F,, F, are the components of F along the axes. 

In brief, Impulse = Force X Time. 

Since impulse (unlike work) is a vector quantity, we may speak of the com- 
ponent of an impulse along any fixed line, and of the moment of an impulse about 
any fixed axis. 

Definition. The momentum of a particle w at a given instant is defined as a 
vector quantity whose components along the axes are 


(w/g)vz,  (w/g)ry, 


where 0;, Vy, 0, are the components of the path velocity v of the particle at that 
instant. 

Since momentum (unlike kinetic energy) is a vector quantity, we may speak 
of the component of a momentum along any fixed line, and of the moment of a 
momentum about any fixed axis. 

To recall these definitions to mind, for the case of a constant force, we have 


t 

d 
Cc 

it 
fc 
St 


THE LOGICAL SKELETON OF ELEMENTARY DYNAMICS. 13 


only to note the result of integrating the fundamental equation F = (W/g)dv/dt 
with respect to t; the left side gives impulse, the right side change in momentum. 
Theorem of linear impulse and momentum. In any system of particles, the 
total IMPULSE of all the external forces, in any given direction, during any interval, 
is equal to the total GAIN IN MOMENTUM in that direction during that interval. 
Note. In the case of any system of particles, whether rigidly connected or 
not, the total momentum in the z-direction, at any instant, is given by 


(W/9) 
where 3, is the velocity component of the center of mass in that direction. In 
fact, the theorem of linear impulse and momentum is merely a corollary of the 
theorem on the motion of the center of mass. 

Theorem of angular impulse and momentum, or Theorem of moments about 
an axis fixed in space. In any system of particles, the total MOMENT OF IMPULSE of 
all the external forces about any fixed axis, during any interval, is equal to the total 
GAIN IN MOMENT OF MOMENTUM about that axis, during that interval. 

Note 1. In case of a rigid body rotating about a fixed axis (fixed in the body 
and fixed in space), the moment of momentum about that axis at any instant is 
(W/9)k’w, where k is the radius of gyration of the body about that axis, and w is: 
the angular velocity of the body. In other words, if a rigid body is rotating 
about a fixed axis, its moment of momentum about that axis is the same as if 
all its material were concentrated at a distance k from the axis. 

Note 2. In the case of a rigid body moving in any manner in a plane, the total 
moment of momentum about any point 0 fixed in the plane, at any instant, is 


(W/9)pi + (W/g) kw, 


where w is the angular velocity of the body at the instant in question, 
pi is the moment about O of the path velocity of the center of mass at 
3 that instant, 
and_ = kis the radius of gyration of the body about its center of mass. 

The first term of this expression is the moment of the translational momentum 
of the body (as if all the material were concentrated at the center of mass); 
the second term is the moment of the rotational momentum of the body (as if the 
center of mass were fixed). 


VIII. Nore on THE FUNDAMENTAL PRINCIPLES OF STATICS. 


Problems in statics can always be regarded as special cases of problems in 
dynamics in which the velocity is zero, so that the theory of statics is completely 
covered by the theory of dynamics. If, however, one wishes to study statics by 
itself, before taking up the study of dynamics, it is interesting to note that the 
following four fundamental principles are sufficient as a logical foundation for 
statics. 

A. Principle of the vector addition of forces [see 2, above]. 

B. Principle of the transmissibility of forces in a rigid body: Any force acting 
on a rigid body may be shifted at pleasure along its line of action. 
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By the aid of these principles A and B, any set of forces acting on a rigid body 
can be “ boiled down ”’ either to a single force, or else to a single couple (that 
is, a pair of equal forces acting in opposite directions along parallel lines). This 
force, or couple, is called the resultant of the given set of forces. 

C. Principle of static equilibrium: Suppose a rigid body is acted on by a 
set of forces which “ boil down,’’ by principles A and B, to zero; then if the 
body was initially at rest (with respect to a fixed frame of reference), it will remain 
at rest (with respect to that frame). 

D. Principle of action and reaction between two bodies [see 4, above]. 

The concepts of acceleration and inertia are not required in statics. 


IX. Systems or Derivep UNIts. 


The units of measurement employed in mechanics divide themselves into 
{1) units for the fundamental quantities, force, length, and time; and (2) units 
for the derived quantities, such as velocity, acceleration, work, energy, etc. 

The fundamental units may be chosen at pleasure. The derived units are 
defined in a systematic manner, in order to avoid much unnecessary labor in 
computation. For example, if the unit of length is the foot, the systematic 
unit of area is the square foot (ft?.), not the acre. 

The fundamental units of force, length, and time which are adopted as the 
basis of any system of units must of course be so defined as to be capable of 
exact reproduction at any future time; and these definitions, uninteresting as 
they properly are to the beginner, form an essential part of the logical skeleton 
of the science. Thus: 

The kilogram force (1 kg.) is defined as the force required to support a certain 
carefully preserved lump of metal called the “international standard kilo- 
gram,” in vacuo, in the standard locality. (Here the “ standard locality,” as 
fixed by the International Bureau of Weights and Measures, Paris, 1901, means 
any locality where g = go = 980.665 cm./sec’. = 32.1740 ft./sec’., this being 
approximately the value of g at 45° latitude, sea level.) The dyne = 1/980665 kg. 

The pound force (1 lb.) is defined as the force required to support another 
carefully preserved lump of metal, called the “ standard pound avoirdupois,” 
in vacuo, in the standard locality. (1 lb. = 0.4535924 --- kg.) 

The meter length (1 m.) is defined as the distance, at the temperature of 
melting ice, between two scratches on a certain carefully preserved metal bar, 
called the “international standard meter.” The foot (1 ft.) is defined, in the 
United States, in terms of the meter, through the relation 1 meter = 39.37 inches 
(where 12 inches = 1 ft.). The centimeter (1 cm.) = 0.01 m. 

The second of time is defined as 1/86400 of a mean solar day. 

Tue three most important systems of units are the lb.-ft.-sec. system, the 
kg.-m.-sec. system, and the dyne-cm.-sec. system (the last being commonly 
called the “ c.g.s.” system). The names of the principal derived units in each 
of these three systems are shown in Table I, where the symbol / is to be read 


“ce ” 


per 
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TABLE I. 
PracticaL Systems or Derivep Units, as ActuaLLy Usep By ENGINEERS AND PURE 
Scr=nTISTS. 
|| N f Unit i N fUnitin | Name of Unit in || Dimensions in 
Derivation. the Practical. Practical | the Practicsl of 
Quantity. || British System. tinental System. | “‘C.G.S.” System.|| F, L, 7. 
FORCE Fundamental Jb. kg. dyne 
Length Fundamental || ft. m. | em. | L 
Time Fundamental |} sec. sec. | sec. | T 
Velocity Length per | ft./sec. m./sec em./sec. L/T 
unit time | | 
Acceleration Velocity per | ft./sec?. m./sec?. em./sec?. L{T? 
unit time 
Pressure Force per | Ib./ft?. | kg./m?. dyne/cm?. | F/L? 
unit area | | 
Impulse, or Foree X time | lb.-sec. | kg.-sec. dyne-sec. | FT 
Momentum | 
Work, or Force X dist. | ft.-Ib. kg.-m. dyne-cm. | FL 
Kin. energy 

Power Force X veloc. | ft.-lb./sec. kg.-m./sec. dyne-cm./sec. FL/T 
Inertia Force per ] Ib. per | kg. per dyne per | F/(L/T?) 
unit accel. | (ft./sec?.) | (m./sec?.) | (em./sec?.) 
|} [=1“slug”] |[=1 “metric [=1“Gram_ || 
slug’’] mass’’] | 


All the units in this table, except the units of inertia, are in everyday practical 
use, the first two systems being preferred by engineers, the third by physicists.’ 

The units of inertia, as already explained, are seldom required, the inertias, 
or masses, of two bodies being most readily compared by means of their standard 
weights as determined by weighing on a beam balance. The commonly used 
units of mass are the pound mass and the kilogram mass; such systematic units 
as the “slug” (= 32.1740 pounds mass), and the “ metric slug” (= 9.80665 
kilograms mass) are never used in practice. 


APPENDIX. 


In spite of the simplicity and familiarity of the systems of units shown in 
Table I, most text-books make the attempt to impose upon the student’s attention 
a different and unpractical group of systems, namely, systems in which the 
derived units are based on mass, length, and time, instead of on force, length, 
and time. That this attempt has not been successful outside of the text-books 
is sufficiently shown by Table II, where the names of the units systematically 
derived from mass, length, and time are given in a form in which they may be 
readily contrasted with the units of Table I. It will be seen that not one of the 


1Other units, which do not belong to any system, are also in use, and are sometimes con- 

venient for special purposes. For example, 1 atmosphere = 14.70 lb./in.?; 1 horsepower = 550 
ft.-lb./sec.; 1 joule = 107 dyne-cm.; 1 watt = 10’ dyne-cm./sec.; etc. Every such non-systematic 
unit, if used at all, should be defined explicitly in terms of one of the systematic units of the 
same kind. 
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units of pressure, work, power, etc., named in Table II is in practical use, either 


in engineering or in pure science. 


superfluous units will eventually be dropped from the text-books. 


TABLE II. 
A Usexess Comp.ication, Stitt Founp Many TExt-Books. 


It is earnestly to be hoped that all these 


Dynamical 
Quantity. 


Derivation. 


Name of Unit in 
the Scholastic 
British System, 


Name of Unit in 
the Scholastic Con- | 
tinental System. | “C.G.8.’’ System. 


Name of Unit in 
the Scholastic 


Dimensions in 
Terms of 
M, L, T. 


MASS 
Length 
Time 


“Fundamental” 
Fundamental 
Fundamental 


Lb. 
ft. 
sec. 


Kg. 
m 


sec. 


M 
L 


Velocity 


Acceleration 


Length per 
unit time 
Velocity per 
unit time 


ft./sec. 


|| ft./sec?. 


m./sec. 


m./sec?. 


em./sec?. 


L/T 
L/T? 


Pressure 


Mass-accel’n 
per unit area 


|| L 


b. per 
(sec?.-ft.) 


Kg. per 
(sec?.-m.) 


| Gm. per 
(sec?.-cm.) 


M/(T°L) 


Momentum, cr 
Impulse 
Kin. energy, 
or Work 
Power 


Mass X veloc. 


Mass X (veloc.)® 


Mass-(veloc.)? | 
per unit time | 


Lb.-ft./sec. 
Lb.-ft?./sec?. 
Lb.-ft?./sec’. 


Kg.-m./sec. 


Kg.-m?./sec?. 


Kg.-m?./sec’. 


Gm.-cm./sec. 


| Gm.-em?./sec?. 


Gm.-cm?./sec*. 


ML/T 
ML?/T? 
ML?/T* 


Force 


Mass X accel’n| 


Lb.-ft./sec?. 


|_=.1“poundal”| 


Kg.-m./sec?. 


Gm.-em./sec?. 


ML/T? 


A comparison of these two tables—Table I simple and familiar, Table II 
strange and artificial—provides one of the best arguments in favor of the use 
of force rather than mass as the principal undefined concept of dynamics. The 
only reason why the text-books so insistently base their derived units on mass 
instead of on force is apparently that a standard lump of metal is easier to 
preserve in a museum than a standard spring balance. But this is no argument 
for the logical priority of mass over force. As a matter of fact, the fundamental 
unit of force is as easy to preserve as the fundamental unit of mass, though the 
method of doing so does not consist in simply storing away a spring balance. 
Every consideration of logical simplicity and practical convenience speaks in 
favor of Table I as against Table IT. 

Finally, it should be noted that it is not possible to take both force and mass 
as fundamental units, without giving up the whole idea of systematic derived 
units. Every attempt to treat the units of force and mass as equally funda- 
mental proves to be really a definition of one of them in terms of the other, 
so that the necessity of choosing between Table I and Table II caunot in that 
way be escaped.! 


1 This matter is closely related to the question of the choice between F/F’ = a/a’ and F = ma 
as the fundamental equation of mechanics. On this question reference may be made to a recent 
controversy between the present writer and Professor L. M. Hoskins in Science (December 4, 
1914; February 5, April 23, July 30, and September 10, 1915; March 3, June 30, September 8, and 
October 27, 1916). 


_ 


ler 
se 


SIMPLE HINTS ON PLOTTING GRAPHS IN ANALYTIC GEOMETRY. 17 


SIMPLE HINTS ON PLOTTING GRAPHS IN ANALYTIC GEOMETRY. 
By AUBREY KEMPNER, Urbana, IIl. 


In courses in analytic geometry, much importance is generally attached to 
the problem of plotting curves from given equations. It is therefore surprising 
that in most textbooks on analytic geometry some very simple and effective 
hints on plotting should be omitted. The contents of the present note are well 
known; for §§ III, IV compare the article in the Montuty for November, 1916, 
on “Graphical constructions for a function of a function and for a function given 
by a pair of parametric equations,”’ by Professor W. H. Roever and his reference 
to Professor E. H. Moore. 
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I. In many cases it is very easy to construct a few tangents to the curve 
with the corresponding points of tangency, and thus to gain a skeleton of the 
curve. Besides being a help in the actual plotting, such a skeleton is a valuable 
aid to the memory. In Figs. 1-5 these skeletons are constructed for certain 
standard curves. The unit of measurement is supposed to be the same on both 
axes. Asymptotes are marked with an arrow-tip. 


Figure 1: y = sin x (a in radians), and similarly y = cos z, and y = arc sin 2, 
y = arc cos 2. 

Figure 2: y = tan 2, ‘and similarly y = cot 2, y = arc tanz, and y = arc cot 2. 

Figure 3: y = e*, and similarly y = log, z. 

Figure 4a: The well-known figure for the hyperbola 2*/a? — y’?/b?> = 1. (The 
corresponding figure for the ellipse consists simply of a rectangle, and is not 
here drawn.) 

Figure 4b: The equilateral hyperbola x-y = a’. 

Figure 5: The parabola y? = 2pz. 


II. To plot the graph of an equation of the type y* = f(x) (or, similarly, 
of 2? = ¢(y)). 

Rule: Construct the curve whose equation is Y = f(x), using for Y-axis the 
original y-axis, and change the ordinates,? replacing Y by y = VY. 

The following relations between the curves y* = f(x) and Y = f(z) are evident: 

(a) y’ = f(x) is symmetric with respect to z-axis. 

(b) Corresponding to every loop of Y = f(x) above the z-axis, y? = f(x) has 
an oval. 

(c) The parts of Y = f(x) below the z-axis do not yield real points of 
y = f(z). 


1 The fraction #7, as an approximate value for 7, is exact to about 1/2000 of the value cf 7, 
and is therefore sufficiently accurate for all graphical purposes. 

? This method of construction is really nothing but a particularly simple case of changing, 
along the Y-axis, from a uniform scale to a certain non-uniform scale. See, for example, 
C. Runes, Graphical Methods, 1912, § 6, for the general method. 
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_ (d) When 0 < Y <1, the curve x? = f(z) lies above the curve Y = f(z); 
and when Y > 1 it lies below. 


(e) The curves Y = f(x), y? = f(x) cross each other in all points where Y = 0 
and where Y = 1. 


Curves of this type are, for example, the conic sections, the semi-cubical 
parabola, the Cissoid, the Strophoid, the Conchoid, the Versiera, when the 
equations are given in the forms tara used. 


Figure 6: The conchoid = - (a? — 2”), where a= 1, c=}. The 


dotted curve is Y = (x+ (a? — 2°’). 


Figure 7: The penis y’ = 2px (dotted line Y = 2pz). 
y 
Figure 8: The ellipse Lor curve Y = — at), 


2 


and the hyperbola =1l,o f= ( dotted curve 


b? 
Y=-6+ a) . The left half of the figure refers to the ellipse, the right 
half to the hyperbola. The two parabolas are congruent. b = 32, a= 1. 


Fia. 7. Fia. 8. 


III. To construct the graph of F(x, y) = 0 when the equation is given in 
parametric form: 2 = g(t), y = W(t). 

Rule: In a system of coérdinates I, II (see Fig. 9) plot first y = y(é), using 
I for the ¢-axis and II for the y-axis, and also x = g(t), using II for the ¢-axis and 
I for the z-axis. Next, draw the line of slope unity through the origin, assume 
any point on this line, draw through this point a line parallel to the axis II to its 
intersection (D in Fig. 9) with the curve y = y/(¢), another line parallel to I 
to its intersection (Z in Fig. 9) with the curve z = ¢(#), and complete the rec- 


1 Compare Professor Roever’s article referred to above. 
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tangle. The fourth vertex (@ in Fig. 9) is a point of F(z, y) = 0, with I for z-axis 
and II for y-axis. 
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Proof: AD = ¥(OA), BE = ¢(OB). (See Fig. 9.) Let OA = OB = t, then 
BE = OF = g(t) = z, and AD = FG = yt) = y. 
IV. By interchanging x and ¢t in x = ¢(t) we obtain 


t= g(x), y = v(t) = ¥(¢(2)) 


and have thus the following rule for plotting the graph of a function of a function. 
Rule: Plot in the x — y system of coérdinates the two curves (see Fig. 10) 


Ci: t = ¢(2), using for t-axis the y-axis, 
C2: y = Y(t), using for t-axis the z-axis. 


Draw the line y = x, assume any point C on it, draw through this point a line 
parallel to the y-axis to its intersection (D) with C2, and another line parallel 
to the z-axis to its intersections (EZ and EF’ in Fig. 10) with Ci, and complete the 
rectangle. The fourth vertices (G@ and G’ in Fig. 10) are points of the graph 
of y = ¥(¢(z))." 

Proof: AD = ¥(OA), OB = g(BE). (See Fig. 10.) Let OA = OB =1, 
then AD = FG = y(t), t = ¢g(BE) = g(OF), and FG = Y(e(OF)). 

In order to reduce the number of cuts, no illustrative examples for Sec- 
tions III, IV have been given. The reader is referred to the examples worked 
out in Professor Roever’s paper. 

From the rule of construction in the present paragraph one can derive in 
geometrical form the conditions which must be satisfied in order to have 


= 


By taking for g and y the same function one finds a simple method for 


1 For another kind of graphical representation of a f unction of a function compare, for example, 
C. Runag, Graphical Methods, 1912, § 6. 
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plotting the iterated function ¢2(x) = $(¢(x)); repeating the process for ¢2(x) 
instead of for ¢(x), y = = and in the same way y = ¢;(x), may 
be plotted, when & is any power of 2. When k is not a power of 2, the con- 
struction of this paragraph generally leads to complicated figures. 


A COURSE IN GEOMETRY FOR COLLEGE JUNIORS AND SENIORS.! 
By J. N. VAN DER VRIES, University of Kansas. 


Courses in geometry for college juniors and seniors are usually given under 
the title “Modern Geometry.”” In many instances, the scope of the course is 
restricted by designating it as a course either in ‘“ Modern Synthetic Geometry” 
or in “Modern Analytic Geometry.” An examination of the catalogs of a 
number of the leading American universities and colleges shows that there is no 
cleancut agreement as to the content of a course under any of these three titles. 
The term “Modern Geometry” seems to have grown up in our mathematical 
nomenclature for the purpose of distinguishing a college course in geometry 
under this name from the more elementary course of the secondary school, this 
latter course being the ancient geometry of the Greeks practically unchanged. 
This ancient geometry was, as Professor Cajori expresses it in his history, 
decidedly special. In fact, one of its principal characteristics was a complete 
lack of general principles and methods. Courses in modern geometry do not 
differ from the courses in elementary geometry so much in their content as in 
the methods by which they produce not only the well-known results of ancient 
geometry but also many results which could not be obtained by the equipment 
and methods of ancient geometry. 

The college junior and senior ready to begin a course in modern geometry 
has had the usual amount of this elementary algebra and geometry, the latter 
for the larger part, if not entirely, the geometry of the plane. He will also have 
had the usual amount of college algebra, trigonometry, analytic geometry and 
calculus with some applications to mechanics and geometry. He may in 
some instances have had courses in unified mathematics both in his preparatory 
work and in his freshman year in college, but the various subjects will in most 
cases have been taught within well-defined boundary lines with no attempt at 
generalization or coérdination. As a rule nowhere in his course has the student 
had much work tending to emphasize the homogeneity of all his work in geometry 
and the general principles which underlie it in its entirety. It is the belief of the 
writer that the chief aim of the course for college juniors and seniors should be 
to remedy the defects of the elementary geometry mentioned above by supplying 
the generalizing methods and principles towards which modern thought has 
contributed so greatly. A brief historical review of the introduction of these 
new concepts will not be out of place here. 


2 Read before the. Kansas Section of the Mathematical Association of America, March 18, 
1916. 
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The introduction of infinitely great quantities into geometry by Kepler and 
the treatment of conics as projections of circles by Desargues and Pascal are 
among the first instances of the generalizing tendencies which characterize modern 
geometry. The announcement by Desargues and Pascal of the famous theorems 
named after them was the beginning of what is known as modern synthetic 
geometry. The introduction of the infinitely great into geometry by Kepler 
was closely coupled with the introduction of the infinitely small and led to the 
assumption by him of a powerful concept of modern geometry, namely, continuity. 
The middle of the seventeenth century witnessed the introduction into geometry 
by Descartes and others of the analytic method, another powerful agent in the 
new development. This new method retarded for a time the development of 
geometry on the purely synthetic side but more than compensated for this 
retardation by its generalizing tendencies and by the richness of its suggestions 
as to new concepts on the pure geometry side. The principle of duality was 
introduced from the geometric point of view by Gergonne early in the nineteenth 
century, was shortly afterwards applied to reciprocal polars by Poncelet, and 
was still further extended by Steiner. At about the same time Pliicker introduced 
the principle of duality from the analytic point of view, coupling it with the idea 
of homogeneity. The introduction of the theory of imaginary points, lines and 
planes into projective geometry by Von Staudt followed soon after this. The 
concepts briefly outlined here form the principal instruments for the modern 
developments in geometry. 

In many American universities the courses in modern geometry have been 
during the past two decades courses in advanced analytic geometry. The text 
followed was either Salmon’s Conic Sections, Smith’s Conic Sections or some other 
text mainly emphasizing the special properties of conic sections with some atten- 
tion to homogeneous coérdinates, abridged notation, etc., or else it was a text 
such as that of Miss Scott on Modern Analytical Geometry. During the past 
few years there has been a tendency evident in some institutions to swing the 
pendulum in the opposite direction and to make the course one in projective 
geometry from the synthetic point of view. But, as Professor Bussey points 
out in a strong plea for more synthetic work in geometry in No. 9, Vol. XX of 
Tue AmericAN MATHEMATICAL MONTHLY, a course in synthetic projective 
geometry does not commend itself to the prospective graduate student in mathe- 
matics at this stage of his development. For there is so much, even in geometry, 
that is of more importance to the student in his future work. The number of 
credit hours at the disposal of the student and the number and character of the 
students who are to take the course (and without them there will be no oppor- 
tunity for the course) are matters that must also be considered in outlining a 
course, especially in the small college. In most of these institutions but one 
advanced course in geometry can be offered. The writer believes that this 
course should be both analytic and synthetic, emphasizing, if either, the synthetic 
side, as the analytic side has been in preponderance in the student’s previous work. 
It should above all be an attempt to unify and coérdinate the synthetic work of 


| 
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the high school and the analytic work of the college as far as possible into a 
homogeneous whole. Such a course will be of benefit to the student whether 
he be a prospective high-school teacher of mathematics, a prospective research 
student in mathematics or one who is taking the course for its cultural value. 

Thus, the concept of infinity and of parallel lines from the pure synthetic 
point of view will be greatly cleared up by an analytic discussion of the same, 
especially when homogeneous coérdinates are used. The work in calculus now 
makes easy a comprehension of the idea of continuity and of limits in geometry 
which was not possible to the student of elementary geometry. The analytic 
treatment of imaginaries now makes possible a conception of the use and meaning 
of imaginary geometric elements. An illustration of this is the proof that a real 
straight line is the locus of the harmonic conjugates of a given point with respect 
to the two points in which a variable line through the point meets a conic, even 
when the variable line does not cut the conic in real points. The methods of 
the principle of duality when used synthetically appear much more valid to the 
student if they are reinforced by a thorough knowledge of the use of homogeneous 
coérdinates and by a clear comprehension of the exact symmetry which arises 
in the analytic work. The beauty and the brevity of the synthetic work should, 
however, at all times be emphasized and the possibility of the avoidance of the 
analytic work, at times long and tedious, pointed out. The principle of central 
projection and the special cases arising from it can be studied simultaneously 
with work on linear transformations. When this is done a careful study may be 
made of the part played by the coefficients of the transformation. The geometry 
of each dimension above the first should be carefully built up on that of a lower 
dimension and coérdinate systems in each dimension studied at the same time. 
It will then be possible to investigate the meaning and the properties of projective 
coérdinates in each dimension and to point out the special systems, such as the 
metric Descartes system with its relationship to Euclidean geometry. The 
famous theorems of Desargues, Pascal, Brianchon, etc., should be carefully 
studied and the special theorems dependent on them investigated. Geometric 
addition and multiplication and their inverses ought to be explained and our 
ordinary algebraic operations shown as special cases. Quadrangular and other 
constructions may be illustrated by many examples. Throughout the course 
the idea of double ratio and its invariance under projection, the meaning of 
harmonics and their relation to involutions, the projective properties of conics, 
are all matters which should be emphasized. 

Scarcity of time may make it necessary to make the treatment of some of the 
subjects mentioned in the previous paragraph very brief. The course is, however, 
believed by the writer to be such that the mind of the prospective teacher will 
be greatly enriched and that the prospective graduate student will have a first- 
class foundation for his future research work. 
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FIRST REGULAR MEETING OF THE MISSOURI SECTION. 


Pursuant to the call from the committee appointed some time ago by Pro- 
fessor E. R. Hedrick, about forty-two men and women from universities, colleges, 
normal and high schools of Missouri, and some not connected with any educa- 
tional institution but interested in mathematics, gathered in St. Louis at the 
Central High School on Saturday morning, Nov. 18, for the first regular meeting 
of The Missouri Section of The Mathematical Association of America. Professor 
C. A. Waldo called the meeting to order. Professor Hedrick was elected tem- 
porary Chairman and Mr. A. H. Huntington, temporary Secretary. Professor 
Hedrick gave a short report about the beginnings of this Section in the un- 
organized meeting one year ago at Washington University, and told of the 
subsequent successful organization of The Mathematical Association of America. 

In accordance with the provision of the Constitution of the Association in 
regard to sections, the following members of the Association in attendance 
completed the formal organization of the Missouri Section: 


L. D. Ames, University of Missouri, Columbia. 
Charles Ammerman, McKinley High School, St. Louis. 
C. J. Borgmeyer, St. Louis University, St. Louis. 
Dorothy G. Calman, St. Louis. 

Alan D. Campbell, Washington University, St. Louis. 
Byron Cosby, State Normal School, Kirksville. 

Otto Dunkel, Washington University, St. Louis. 

Zoe Ferguson, Central High School, St. Joseph. 

B. F. Finkel, Drury College, Springfield. 

FE. R. Hedrick, University of Missouri, Columbia. 

A. H. Huntington, Central High School, St. Louis. 
Byron Ingold, Christian University, Canton. 

Louis Ingold, University of Missouri, Columbia. 
Thos. W. Jackson, Fulton High School, Fulton. 

G. H. Jamison, State Normal School, Kirksville. 
Albert R. Nauer, Mechanical Engineer, St. Louis. 
Paul R. Rider, Washington University, St. Louis. 

W. H. Roever, Washington University, St. Louis. 
Wallis G. Rowe, Smith Manual High School, St. Louis. 
A. J. Schwartz, Cleveland High School, St. Louis. 

J. I. Shannon, St. Louis University, St. Louis. 

H. P. Stellwagen, Yeatman High School, St. Louis. 
C. A. Waldo, Washington University, St. Louis. 

Eula A. Weeks, Cleveland High School, St. Louis. 

R. A. Wells, Park College, Parkville. 

W. H. Zeigel, State Normal School, Kirksville. 


A constitution for the Section was submitted and adopted; and the election 
of permanent officers for the coming year resulted as follows: President, Professor 
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C. A. Waldo, Washington University; Vice-President, Professor L. D. Ames, 
University of Missouri; Secretary-Treasurer, Mr. Albert H. Huntington, Central 
High School, St. Louis. After the election of officers, about three hours were 
given to the reading of papers, when adjournment was taken in a body to a 
near-by restaurant and the good fellowship of the meeting was continued. 

Keen delight and satisfaction were expressed by all, the only criticism being 
that not enough time was given to the discussion of the papers. Here follows 
the program as presented. 


ABSTRACTS OF PAPERS. 


1. A Course for Juniors in the School of Education. By Professor L. D. Amgs, 
University of Missouri. 


Professor Ames described a course which for several years he has been giving 
in the University of Missouri for juniors in the school of education. Most of 
these students are preparing to teach in high schools, either in mathematics or 
in other departments. Many of them cannot take more than one or two years 
of mathematics beyond the calculus. It seems desirable to give them as broad a 
range of topics as is consistent with a clear grasp of the subject matter and the 
ability to apply it. This is done by putting emphasis on fundamentals, requiring 
the solution of carefully selected problems based on the fundamentals, but 
avoiding all unnecessary complications, requiring sound logic where logic is 
needed for clear understanding or vivid memory, but making frank use of assump- 
tions where intuition and applications adequately serve these purposes. The 
amount of serious problem work or of thorough logic is not less than in the 
- standard courses, but these are applied to fundamentals covering a large range. 
No undue effort is made towards fusion, but relations hetween topics are brought 
out where these are natural and useful. History is taught where it helps to an 
appreciation of subject matter, but the historical order is not followed. Topics 
are selected from all branches of mathematics as experience shows them to be 
workable. Algebra, geometry, and mechanics are represented. Perspective, 
graphical statics, foundations, non-euclidean geometry, a study of the number 
system, projective geometry, probabilities, finite groups, are typical topics. 
And withal it is believed that the impressions are not less vivid than in the 
standard courses. 


2. Graphical Solution of Spherical Triangles. By Professor W. H. Rorver, 
Washington University. 


Professor Roever showed how to construct in the plane by means of circles 
and straight lines, the solutions of the six fundamental problems of spherical 
trigonometry. The statement of the rules was made so as to include all the 
possibilities which arise in the solution of the convex trihedral (spherical triangle 
of parts less than 180°). The rules are not always stated with sufficient general- 
ity, even in the standard foreign treatises on descriptive geometry. 
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3. The Place of the Calculus in the Training of the High School Teacher. By 
Professor Byron Cossy, Kirksville Normal School. 


Professor Cosby showed that parts of the calculus might well be given in 
place of parts of high-school algebra, being more economical of students’ time 
and giving a better idea of the whole range of the mathematical.field and of the 
continuity of the subject. Therefore the teacher should be equipped with the 
calculus. 


4. A Geometric Treatment of the Exponential Function. By Dr. Orro DUNKEL, 

Washington University. 

In this paper the area under the hyperbola y = 1/x was considered and the 
number e was defined as the abscissa of the point up to which the area is unity. 
From this definition the area up to any point was determined by elementary — 
methods, using the principle of stretching (compressing) an area by stretching 
(compressing) all of its parallel chords in the same ratio. Having obtained an 
expression for the area, the derivative of e” or of log, 2 can be obtained from it 
rather simply. A method was then given for obtaining polynomial approximations 
to e?, and from these closer approximations can be obtained for e than those 
given in the definition of e. 


5. Formulas for Approximate Integration. By Professor Byron INGoLp, Chris- 
tian University. 

A number of quite general formulas are known for approximating the value 
of a definite integral; for example, the well-known formulas of Gauss and the 
more recent formulas of Birkhoff. The formulas of Gauss, however, are incon- 
venient because of the fact that the division points of the interval of integration 
are in general irrational. It was the purpose of Professor Ingold’s paper to 
obtain formulas comparable with the prismatoid formula in ease of application. 

Among the formulas obtained may be mentioned: 


rth h 
f = + af’ (2 + 3) + 


obtained by inserting unknown coefficients and comparing with the expansion 
by Taylor’s formula. This formula is usually better than the prismatoid formula 
for small values of h. 


Other formulas deduced by methods analogous to the above are: 


|, 


more accurate than the trapezoid formula in the third term of the expansion; and 


. 
a 
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6. Claims of Mathematics in the High School Course of Study. By Mr. H. P. 
STELLWAGEN, Yeatman High School. 


Mr. Stellwagen gave a résumé of the recent criticisms of the mathematics 
in the present course of study in the high schools of St. Louis, presented the 
general reasons, advanced by a committee of which he is chairman, for the 
retention of mathematics as a required subject, and invited discussion, in which 
as many took part as the time would permit. 


7. An Illustration of a Certain Necessary Condition in Minimizing a Definite 
Integral with a Discontinuous Integrand. By Dr. Paut R. Riwer, Washington 
University. 

A curve C, which passes from a point Po) to a curve D and thence to a 
point P,; on the opposite side of D, minimizes the sum of the two integrals 
[= f Fe, y, x’, y’)dt, 1 = Sf, y, x’, y’)dt. The first integral is to be taken 
along the arc from the point Po to the curve D, the second from D to P2. Then 
at P,, the point where the two arcs of the curve C meet the curve D, a certain 
relation must exist between the slope of the tangent to the curve D and the 
partial derivatives of F and f with respect to 2’ and y’. This paper illustrates 
the condition given in a problem that recently appeared in the Monruty (Vol. 


XXIII, page 125). 


8. On a Method of Sectioning Freshman and Sophomore Classes in Mathematics. 
By Mr. ALAN CAMPBELL, Washington University. 


This paper described a method in use in Washington University of dividing 
the freshman class in the schools of engineering and architecture into fast, 
medium, and slow sections. The sectioning is done on the basis of marks made 
by the students in tests covering high school mathematics, given during the first 
day or two of the college year. The sophomores are divided according to the 
grade of work they did in freshman year. This separation of good and poor 
students gives the better sections a chance to push forward much more rapidly, 
while the other sections move at a pace suited to the needs of the slower workers. 


9. The Equations and Models of a Large Group of Warped Surfaces. By Professor 

C. A. WaLpo, Washington University. 

In this paper it was shown how to construct easily the models and the Car- 
tesian equations of warped surfaces of two rectilinear directrices and one curvi- 
linear (in particular rectilinear) directrix. These surfaces are special cases of 
surfaces called by Loria axoids and pseudoaxoids. 

ALBERT H. HUNTINGTON, 
Secretary. 
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THIRD REGULAR MEETING OF THE KANSAS SECTION. 


The third regular meeting of the Kansas Section of THe MATHEMATICAL 
ASSOCIATION OF AMERICA was held in the Topeka High School, Topeka, on the 
morning of November 10, 1916. 

Those present included the following 26 members of the AssocrATION: 

C. H. Ashton, University of Kansas, Lawrence. 

Lucy Dougherty, Kansas City, Kansas, High School. 

Ottilia W. Dueker, Friends University, Wichita. 

W. H. Garrett, Baker University, Baldwin. 

W. A. Harshbarger, Washburn College, Topeka. 

A. J. Hoare, Fairmount College, Wichita. 

Emma Hyde, Kansas City, Kansas, High School. 

H. E. Jordan, University of Kansas, Lawrence. 

A. W. Larsen, University of Kansas, Lawrence. 

S. Lefschetz, University of Kansas, Lawrence. 

Theodore Lindquist, Kansas State Normal School, Emporia. 

T. E. Mergendahl, College of Emporia, Emporia. 

E. B. Miller, University of Kansas, Lawrence. 

G. A. Miller, University of Illinois, Urbana, III. 

U. G. Mitchell, University of Kansas, Lawrence. 

Mary Newson, Washburn College, Topeka. 

H. E. Porter, Kansas State Agricultural College, Manhattan. 

B. L. Remick, Kansas State Agricultural College, Manhattan. 

J. A. G. Shirk, Kansas State Manual Training Normal School, Pittsburg. 
E. M. Stahl, Midland College, Atchison. 

L. L. Steimley, University of Kansas, Lawrence. 

E. B. Stouffer, University of Kansas, Lawrence. 

W. T. Stratton, Kansas State Agricultural College, Manhattan. 

J. N. Van der Vries, University of Kansas, Lawrence. 

J. J. Wheeler, University of Kansas, Lawrence. 

A. E. White, Kansas State Agricultural College, Manhattan. 

Professor T. E. Mergendahl, of The College of Emporia, read a paper on 
“Algebra for students who enter college with only one unit of High School 
Algebra.” The discussion of the paper was led by Miss Lucy Dougherty, of the 
Kansas City, Kansas, High School, and Professor E. M. Stahl, of Midland College. 
The following also took part in the discussion: Professors Van der Vries, Stouffer, 
Harshbarger, Ashton, Mitchell, Lefschetz, Remick and Professor G. A. Miller, 
of the University of Illinois. 

The following officers were elected for the ensuing year: 

J. A. G. Surex, State Manual Training Normal School, Chairman. 

T. E. MERGENDARL, College of Emporia, Vice-Chairman. 

J. J. WHEELER, University of Kansas, Secretary-Treasurer. 

The spring meeting will be held in Lawrence some time in March, 1917. 

T. E. MerGEnDAHL, Secretary. 
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BOOK REVIEWS. 
SEND ALL coMMuNIcATIONS TO W. H. Bussry, University of Minnesota. 


William Oughtred, a Great Seventeenth-Century Teacher of Mathematics. By 
Fiortan Casor1. The Open Court Publishing Company, Chicago, 1916. 
vi+ 100 pages. $1.00. 


The story of William Oughtred is told by Professor Cajori in a delightful 
and entertaining manner. Oughtred’s life covers the last quarter of the sixteenth 
century and the first half and part of the third quarter of the seventeenth century. 
This period in the history of mathematics is of particular significance because the 
wider dissemination and diffusion of mathematical knowledge during this time 
undoubtedly paved the way for the revolutionary developments of mathe- 
matics which took place in the seventeenth century. Mathematics is indeed a 
study which requires that its devotee withdraw himself from the world of affairs 
for reflection and meditation; however the great advances in this subject have 
been made at those times when large numbers of individuals were devoting them- 
selves to the science. Such a time was this in which Oughtred lived. In 
England and in France there were many not connected with institutions of learn- 
ing, men like Oughtred, like Napier, Vieta, Fermat and Descartes, who devoted 
themselves to the study of mathematics entirely because of an intellectual 
interest in the subject. Oughtred’s devotion to the science was unbounded; 
not only did he instruct many in the “difficult poynts of the Art” gratis, but to 
certain specially gifted students he gave at the same time both bed and board. 

The three principal works published by Oughtred are the Clavis Mathematicae 
of 1631, the Trigonometria of 1657, and The Circles of Proportion of 1632. All 
three works are of real importance in the development of elementary mathe- 
matics. The first work, which like the others is extremely concise, treats par- 
ticularly of the numerical solution of equations; the T'rigonometria and the 
Clavis, The Key of the Mathematicks as it was called in the English translation 
of 1647, are in advance of many contemporary mathematical works in the 
generous use of algebraic symbolism; The Circles of Proportion discusses the slide 
rule, of which, as has been proved by Professor Cajori, Oughtred was the inventor. 
Among his minor works several relate to the theory of mathematical instruments 
designed by Oughtred. These works enjoyed a wide popularity. 

The two closing chapters of this little book are in many respects the most im- 
portant, since they give a somewhat critical estimate of the Reverend Oughtred’s 
influence upon mathematical progress and teaching and his ideas on the teaching 
of mathematics. Any teacher of mathematics and any “amateur” in mathe- 
matics of the type of Oughtred, if there be such in this practical day, will find 
great pleasure and intellectual profit in the reading of this work of Cajori’s. 
I call attention to two mistakes. On page 83 the name of Erasmus O. Schrecken- 
fuss is misspelled. On page 21 the statement is made that “the decimal point 
(or comma) was first used by the inventor of logarithms, John Napier, as early 
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as 1616 and 1617.” But all the standard authorities on this subject agree that 
the point or comma was first used by the German Pitiscus in the 1612 edition 
of his trigonometry.! Napier has apparently no claim whatever to priority in 
the field, nor even to independent discovery for it is well established that he 
was familiar with the works of Pitiscus. The error is particularly unfortunate 
at the present time. 


Louis C. KARPINSKI. 
UNIvERSITY OF MICHIGAN. 


PROBLEMS FOR SOLUTION. 
SEND ALL COMMUNICATIONS ABOUT PROBLEMS TO B. F. Finxet, Springfield, Mo. 


ALGEBRA. 


473. Proposed by J. J. GINSBURG, Student, Cooper Union, New York. 
Factor the expression + + 2% + + 70 + + 1, 
474. Proposed by A. A. BENNETT, University of Texas. 


Show that the value of the infinite continued fraction, all of whose coefficients are unity, 


1+ + x. e is $(1 +5). Also find an explicit algebraic formula for the nth convergent. 


. GEOMETRY. 


505. Proposed by 0. S. ADAMS, Coast and Geodetic Survey, Washington, D. C. 


Construct a triangle, having given the sum of two sides, the angle included by these sides, 
and the altitude from the given angle upon the third side. 


506. Proposed by S. A. COREY, Albia, Iowa. 


Given a pentagon, plane or gauche, whose sides a, b, c, d, e are represented by the vectors 
y,2z,vand (x +y+2+0), respectively; and a second pentagon whose sides bi, 1, di, 
are represented by the vectors r, s, ¢, wand (r + s +2 + u), respectively, where 


T= — CsCoy — + = Coe + — — CoCgv, = C2 + + + 


U = CW — — Coz + C1, C2, C3, Ca, Cs and Cs being ordinary scalars. 


1 As the introduction of the decimal point in 1616 and 1617 by Napier is claimed also in the 
recent Napier Tercentenary Volume it seemed to me worth while to verify the assertions which 
have been made in standard works on the subject, concerning the introduction of the decimal 
point by Pitiscus in 1612. Iam enabled to do so through the courtesy of Professor David Eugene 
Smith and one of his students. In the Canon Triangulorum emendatissimus et ad usum accom- 
modatissimus, pertinens ad Trigonometriam Bartholomaei Pitisci, Grunbergensis Silesii (Franco- 
furti, Typis Nicolai Hoffmani, sumptibus Ionez Rose, Anno M.DC.XII) Pitiscus uses for the 
sine of ten seconds the value 4.85 with the radius 100000; the value to 8 places is .00004848. 
Even more explicitly in the Trigonometry itself, also of 1612, Pitiscus uses a vertical bar and 
says: ‘‘Deinde pro latere AC nuper invento 13 | 00024 assumo 13 fractione scilicet 24/100000 
neglecto quare ferme nullius fit momenti.” It is thus evident that the 4.85 above which repre- 
sents the decimal value was used with full consciousness of its significance by Pitiscus, I note also 
the use of the bar in the work of 1612, Bartholomaei Pitisi Problematum Variorum (Frankfurt). 
A further point worth noting is that Napier cites the earlier editions of Pitiscus, making it almost 
certain that between 1612 and 1616 he had copies of these works of 1612 in his hands. These: 
works are in the New York Public Library. 


‘ 
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Then prove the existence of the following relation between the sides of the two pentagons: 
(1? + + + (2? + + + = + C58? + Col? + 

507. Proposed by A. A. BENNETT, University of Texas. 

With the use of the compasses alone construct a circle with area five times as great as that 
of a given circle. (This problem is said to be due to Napoleon I.) 

CALCULUS. 

421. Proposed by E. H. MOORE, The University of Chicago. 

Given 7 continuous real-valued functions ¢,(x) (g = 1, 2, ---, n) of the real variable z on 
the interval (0 1) and set exp. f Go(x) gn(x) = Worn (9, h = 1, 2, -+-,n). Prove that the deter- 


minant | w,,| of the matrix (w,,) is always = 0 and that it is > 0 if no two of the functions 
¢1, ***, Gn are identically equal on (0 1). 


422. Proposed by O. S. ADAMS, Coast and Geodetic Survey, Washington, D. C. 
Prove that 


tena = y)tdedy = 


f(xy) being an arbitrary function of zy. 


T'(m)T(n) 
Y(m + Tim +n) 


MECHANICS. 
338. Proposed by J. B. REYNOLDS, Lehigh University. 
A comet in a parabolic orbit crosses the earth’s orbit (assumed circular) so that it remains 
@ maximum time within it; find the comet’s maximum velocity in miles per second and its time 
within the earth’s orbit in years. 
339. Proposed by C. N. SCHMALL, New York City. 


A roll of cloth of very small uniform thickness a is coiled up tightly in the form of a circular 
cylinder of diameter d and is laid horizontally across a perfectly rough inclined plane so that its 
axis is parallel to the intersection of the plane with the horizontal. It is then allowed to unroll 
(without slipping) down the plane. Neglecting the motion of its center of gravity in the direction 
perpendicular to the plane, show that it will unroll entirely in the time 


ag sin 

where ¢ is the inclination of the plane to the horizontal plane, and g the acceleration of gravity. 
NUMBER THEORY. 


257. Proposed by LOUIS O’SHAUGHNESSY, University of Pennsylvania. 


Find a general expression for the number of positive integers from 1 to 10‘, inclusive, every 
one of which contains the figure 9 exactly r times (0 =r 2). 


258. Proposed by A. A. BENNETT, University of Texas. 


Find a recursion formula in terms of binomial coefficients for a,, where the a’s are defined 
by the condition that the persymmetric determinants 


are each equal to unity for every positive integer n. 
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SOLUTIONS OF PROBLEMS. 


ALGEBRA. 
459. Proposed by C. N. SCHMALL, New York City. 
By d’Alembert’s test, or otherwise, show that in the infinite series 


the 


the upper limit of the interval of convergence is 1/e, where e is the Napierian base, 7. e., « < lje 
when the series is convergent. (Bromwich’s Infiniie Series, pp. 28, 33.) 


SoLuTion By Horace Otson, Chicago, Illinois. 

Let r, represent the ratio of the (n + 1)th term of the given series to the nth term. Then 
lim r, = lim (1 +5)"2 = 62. 
NO n 
Therefore, the series is convergent if x < 1/e, and divergent if x > 1/e. 

If = 1/e, = 

Let pn be the ratio of the (n + 1)th term of the harmonic series to the nth term; 7. e., 
pr =ni[(n+1). Then ra/pn = 1/e[l + (1/n)]**. 

[1 + (1/n)]"* is a decreasing function of n, since its derivative 


(1 +7)" {og (1 +=) <0. 


lim (1 +=) = lim (1 +=) «Jim (1 +=) = 
n NO n NO n 


Therefore r,/p, is always greater than unity. 

Therefore the nth term of the given series is always greater than 1/e times the nth term of the 
harmonic series, and, since the latter is divergent, the former also is divergent. 

Therefore, finally, the given series is convergent for z < 1/e and divergent for x = 1/e. 


But 


Also solved by E. W. Wortuineton, A. M. Harpine, G. W. Hartwett, 
E. J. OGiEssy, and the PRoposEr. 


460. Proposed by J. J. GINSBURG, Student, Cooper Union, New York. 


Find the value of v1 4 Vi + Vi + Vi + -:- to infinity. 
SoLUTION BY NATHAN ALTSHILLER, University of Oklahoma. 


The number of operations increasing indefinitely, the above expression has no value, strictly 
speaking, unless the word “value” is taken in this connection to be the exact equivalent of the 
word “limit.”” The problem means: given a sequence of terms 

u=V1, w= vi, Us + Vi, Un 


find the limit of u, when n increases indefinitely, if such a limit exists. 


The problem may be generalized by considering va + Va + Va+ va + +--+ to infinity, 
where a is any positive quantity. 

We observe that the values of the w’s increase with n so that (1) Un41 > Un. It is also easily 
seen that (2) Uni? = Un +a. 

From (1) and (2) it follows that u,? — un -a <0. 


TH 
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There is an upper limit to the values of u, which satisfy this inequality, this being the larger 
of the roots of the equation: 
Un —Un = 0. 


Thus uw, cannot exceed a given quantity independent of n, and on the other hand u, constantly 
increases with n. Hence, u, has a limit, according to the fundamental principle of the theory 
of limits. Let this limit be denoted by s. The value of s may be found by passing to the limit 
in (2). 

lim = lim uat+a, or s? =s +a, 


1+ vi+4 


hence s = , Since s is necessarily positive. 


The problem may be further generalized by considering the expression 


Vat+Vat+ Va+ to infinity 
where p is a positive integer, and a being any real quantity when p is odd, or any positive quantity, 


when piseven. The method of solution would be the same, in the main, as the one outlined above. 


Also solved by W. P. Ransom, C. N. Scumauy, A. M. Harpine, E. E. 
CiarK, Horace Otson, O. S. Apams, H. N. Carterton, Paut Capron, J. M. 
Stetson, N. P. Panpya, and the Proposer. 


GEOMETRY. 


487. Proposed by H. B. PHILLIPS, Massachusetts Institute of Technology. 


If segments from the vertices A and B of a triangle to the opposite sides are of equal length 
and divide the angles A and B proportionally, the triangle is isosceles. 


I. SoLution sy J. J. Grnspura, Student, Cooper Union, New York City. 
In the triangle ABC, we have by hypothesis AD = BE and 


¢. 
a) 
when a, b, c, d are the measures of the angles into which 7 A and 
Z B are divided by AD and BE, and m/n is any given ratio. 
We are to prove that 7 A = Z B. Suppose that 7 A+ 7B, 
and suppose 2 A > Z B. Then from (1) 


(2) a>c and b>d. 
In the triangles ABD and AEB, AD = BE, AB = AB andb>d. Hence 
(3) BD > AE. 


Draw EG || AD and DG || AE, and draw BG. Then EG = AD and AD = BE by hypothesis. 
Hence A ABG is isosceles. 
We have, then,e +f =c+gande=a>c. Hence, 


(4) f<g and BD<DG< AE. 


But (8) and (4) are contradictory. Hence the supposition that 7 A > Z B is impossible; 
Likewise 7 A < Z Bis impossible. Hence 7 A = Z B, and triangle ABC is isosceles. 


II. Sotution By Paut Capron, U.S. Naval Academy. 


Denote the length of each segment by /, and the length of AB by c. Let the part of the angle 
A next toc be kA; then the part of the angle B next tociskB. [0 <k <1] 

Then 
c 


sn A sin (kB + A)° 


G 
E D 
a 
Leo B 
sinB sin (kA + B)’ 
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Hence, 
sin B _ sin (kA + B) 
sinA sin (kB + A) 
By composition and division, 
sin B —sinA _ sin (kA + B) —sin(kB + A), 
sin B+sinA sin (kA + B) +sin (kB + A)’ 


whence, 
tanj(B—A) _  tan}(B+A)_ 
tan3(B +A) 1 


tan (B + A) tan (B— A) tan (B + A) 


Since 0 < k < 1 and the tangent is an increasing function, it follows that if B and A were 
unequal, the last relation would be untrue, for then the left-hand fraction would be greater than 
unity, and the right-hand fraction would be less than unity. Hence, B = A, and the triangle is 
isosceles. 


488. Proposed by ROGER A. JOHNSON, Western Reserve University. 


If triangles are constructed on a given base, having the radii of the incircle and circumcircle 
in a constant ratio, determine the locus of the vertex (necessarily the constant ratio is not greater 
than 3). 


SoLuTion By Capron, U.S. Naval Academy. 


Let the constant ratio be n = 2m, the given base a, with its left end at B, its right end at C; 
and let the sides a, b, c of any one of the triangles be opposite the vertices A, B, C respectively. 
Then 
 atb+e' 2snB bat+b+c)' 
Letc = r, B = 0 = 29; then h? = a? + 7? — 2arcos 6 = (a + r)? — 4ar cos? ¢. Onsubstituting 
these values, we have, for the locus of A: 


(1) m(a +r) V(a +1)? — 4ar cos? ¢ = 4ar cos? ¢(m + sin? ¢) — m(a + r)?*. 
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Rationalizing: 
(2) r cos? ¢[(m? + 2m sin? ¢)(a + r)? — 4a cos? ¢(m + sin? ¢)*r] = 0. 
As A = B, m = 0; except in this trivial case, r = 0 may be discarded. Solving (2) for (r + a) 


we find, 
_ 2a cos* ¢(m +sin* ¢)? | 2a sin ¢ cos 
m? + 2m sin? m? -+- 2m sin? ¢ — (m+ of. 


Replacing m and ¢ by $n and 30, 


asin 
n? + 2n(1 — cos 


(4) r=acos6+ 


or 


[sin 0(1 — cos 6) + (n +1 — cos 6) V1 — 2n — (cos @ — n)?j, 


asin? @vers@ | asin 0(n + vers 0) —; 
(4)’ r =acos@ +3 Vsin? — 2n vers @ — n?, 
where vers 0 = 1 — cos 0. 
When 6 = 0, r = a, and when @ = z, r = — a; this point C must be discarded from the 
locus, just as B was. 
Aside from this, r is real when and only when 


(5) n — 2n cos OS n+Vi — 2n, 
or 

1—n+Wl — 2n=>vers9=1 —n — 2n. 
(6) When @ has either of the limiting values given by (5), then r = aand the third sides of these 
isosceles triangles are i 

a(l — 2n). 

Considerations of symmetry show that the high and low points of the curve occur where 
r =a/2sec 6. Substituting this value in (2), we have: 


m(m + 1 — cos @)(2 cos 6 + 1)? — cos 0(1 + cos 6)(2m + 1 — cos 6)? = 0; 


whence 
(cos? 6 — cos 8 + m)(cos? 6 — (m + 1)) = 0, 
and 
(7). cos = + + 2n, 
or 
(8) cos 6 = 3(1 + V1 — 2n). 


The values given by (7) are without the limits set in (5); those given by (8) are within 
these limits. From (8), 


(9) r= (1 +1 — 2n), 
the high and lew points; or 
(10) r =a(l1 — 2n), 


giving two other points. 

The curve consists of two ovals, symmetrically situated with regard to @ = 0, the common 
base of the triangles, and each oval is symmetrical with regard to 2r = asec 0, the mid-perpen- 
dicular to this base. In addition to the limiting tangents from B, given by (6), there is a sym- 
metrically situated pair from C; these, however, are tangent at the points given by (10). Thus 
in each oval we can readily construct six points, with the tangent at each. These points deter- 
mine the isosceles triangles satisfying the conditions of the problem. The six triangles form two 
sets of three similar triangles. 

The accompanying figure shows one of the ovals, constructed for n = 3/8. 

The values used are: 


cos 6 r=c 
1 

3 a (b = $a) 
1 ‘> High Point (6 = 2a) 
+ 3a (b = a) 


= 

| 

| 
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3 { = 2.0170 or 0.4960 

9 a aoe 

{ (461 + 13-V885) = 1.8650 or 0.536a 

3 { 3a Low Point (b = ja) 

4 Sa (b = a) 

13 1 (133 + Vi305) = 1.221a or 0.7574 

16 128 

7 

5 a (b = 3a) 
CALCULUS. 


407. Proposed by PAUL CAPRON, Annapolis, Maryland. 


A coffee pot in the form of a conical frustum, 10 inches high, with a lower base 8 inches 
in diameter and an upper base 6 inches in diameter, is held on a slant so that the lower base is 
barely covered by the coffee within, and the upper base is barely uncovered. How much coffee 
does the pot contain? 


I, Sotution sy H. S. Unter, Yale University. 


The following solution may be of interest because it is based exclusively on theorems of 
elementary geometry. The diagram (drawn to scale) represents a plane section passing through 
the axis JA of the frustum BDEL and the major axis BE of the elliptical free-surface of the coffee. 
The required volume will be gotten by subtracting the volume of the oblique cone ABE from 
that of the right cone ABD. We are given that JL = 10 in., ID =4 in., and LE = 3 in. 

From the similar triangles AID and ALE, AI : ID = AL : LE or Al : 4 = (AI — 10) : 3, 
hence AJ = 40 in. Hence, the volume of the right cone equals (*$°)z cu. in. 

The altitude of the oblique cone may be obtained from the right 
triangles ABF and AEF, for, = (2a + p)? +h? and P = +h’, 
ih where a denotes the semi-major axis of the ellipse. That a = 0.5149 
. may be seen at once from the right triangle BHE since BH =7 = 
\ ‘Sp HE =10. 8 = (BI) + (Al)? = 1616 and 2? = (LE)? + (LA)? = 
\ / Elimination of p from the twoliteral equations gives h = 340) vTaD in in. 
\7 , It remains to find the semi-minor axis b of the ellipse. This axis will 
} J pass through C, the middle point of BE, it will be perpendicular to the 
4 /? plane of the diagram, and it will be a chord of the circle whose radius is 
ee, JK and whose plane is parallel to the bases of the given frustum. Since 
Wy 4 C bisects BE and CK is parallel to BD, BG = 0.5BH = 3.5. CJ 
= BI BG =4-35=0.5. JK =0.5(1D + LE) =3.5. Since the 
minor axis of the ellipse constitutes the chord of a circle of radius 3.5 
K in. and is at a distance 0.5 in. from the center it follows that b? = (3.5 
— 0.5)(3.5 + 0.5) = 12. Hence, b = 2¥3 in. The area of the ellipse 
B D = rab = rV3 X 149;hence, the volume of the oblique cone equals 


X 149) ( = 80x cu. in. 


Consequently, the volume of the coffee equals 


—— (8 — 38) cu. in. = 234.894,585,349,6 cu. in. 
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II. Sotution By H. S. Yale University. 


Let us choose a set of rectangular coérdinate axes such that the origin is at the center of 
the lower base of the frustum, the axis of y lies in the plane of the lower base with its negative 
segment passing through the lower end of the major axis of the elliptical free-surface of the coffee, 
and the axis of z is directed from the origin toward the apex of the completed cone. If the axes 
of y and z are drawn to the right and upward respectively, the axis of x will be out from the plane 
of the paper toward the reader. 

We shall take as element of volume the frustum of an oblique pyramid bounded as follows: 
Two of the lateral faces are portions of the surfaces of right circular cones having the same basal 
plane and apex as the given cone, and with radii r and r + dr. The two remaining lateral faces 
lie in planes which contain the axis of the given cone (7. e., OZ) and make angles @ and @ + dé 
with the plane YOZ. The upper base of this frustum is parallel to the lower base and passes 
through the point of intersection of the plane of the ellipse with the edge which is nearest to the 
axis OZ and to the plane YOZ. No finite error can arise from neglecting the little solid between 
the plane of the ellipse and the plane of the upper base of the chosen element of volume because 
it is an infinitesimal of the third order, whereas the element of volume just defined is of the second 
order. 

The volume of the element may be looked upon as the difference between the volumes of two 
pyramids. The area of the base of the larger pyramid equals rdrd@. The altitude of this pyramid 
is identical with that of the given cone, and is obviously equal to 40 inches. Hence, the volume 
of the taller pyramid equals 40rdrd@/3. If h denotes the altitude of the element of volume then 
the altitude of the shorter pyramid will be 40 — h. Since the volumes of two similar pyramids 
are to each other as the cubes of their altitudes it follows that the volume of the lesser pyramid 
equals (40 — h)*rdrde/4800. Consequently, the element of volume equals 40rdrd0/3 — (40 — h)§- 
rdrd6/4800. 

h may be obtained from its definition as follows. The plane of the ellipse contains the line 

= — 4and the point (0, 3, 10) so that its equation is — 10y + 7z = 40. The direction cosines, 
with reference to the axes of y and z respectively, of the edge drawn from (r sin 8, r cos @, 0) to 
(0, 0, 40) are easily found to be in the ratio — r cos 0 : 40, so that one equation of the edge is 


Elimination of y between this equation and that of the plane of the ellipse gives 
_ 40(4 + r cos 


28 + rcos 
Finally, the element of volume reduces to 

40 184,320rdrd0_ 

rdr 
Volume of coffee = V = = J,” do J, rar — 368,640 ao Making use of 
the fact that | 
- 1 +56 | | 
(a+bz)) a+ 2(a + ba)? | 
we find | 
92,160 J, [ Tiwi 
or 


y = 0407 46,080 
3 7 0 (7 + cos 6)?" 


The tabular integrals 


[ - bsin x 4 f _ dx = | 
(a+becosz)? at — 0b? a+bcosz "J a+bcosz 
f dx [2 | 


a+bcosz Na? — 


a+bcosz 


reos@ 40 
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lead to 
0 (7 0)? 576 
(8 318) cu. in. 


so that 


V = 234.894,585,349,6 cu. in. 


Also solved by G. A. Knapp, C. N. ScoMaLt, GrorcE PaaswELL, H. N. 
CARLETON, O. S. ApAms, and the PRoposER. 


408. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


The ellipse (x?/81) + (y?/16) = 1 is revolved around the y-axis. Find the area of the surface 
generated. 


SoLuTIon By CLypE S. Arcuison, Washington and Jefferson College. 


From the given equation, we have 


1 (256 + 
z= 7 dx= and ds = iV 


Then the area of the surface generated is 


ds = 25 y? iv dy = + dy 


65 


dy. 


256 256 


16 


V65 V65 V65 (65 
— log + 
9 — VO5 

Also solved by A. M. Harpine, L. Ineats, Horace Oxson, C. C. 
Yen, G. W. Hartwe H. C. Feemster, J. A. Eckson, GrorGe PAASwELL, 


O. S. Apams, and Capron. 
MECHANICS. 


321. Proposed by E. J. MOULTON, Northwestern University. 


The attraction, A, in any direction, due to a homogeneous sphere, on a particle at the center 
of the sphere, using the Newtonian law, is obviously zero. Find the error in the following method 
of computing A. Take cylindrical coérdinates with origin at the center of the sphere; let the 
Z-axis extend in the direction of the attraction to be computed, and let r, @ be the polar codrdinates 
used. Let 6 be the density and FR the radius of the sphere, and k the constant of gravitation. 


Then 
r=V R2—22 kérdzdédr 
z=-—R + zy? 


z=V R2—22 


anks + 1 |ae 


= 4rkbR. 


= 1627 + 


= 
(1) 
(2) 
(4) 
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SotutTion By Swirt, University of Vermont. 


In the integrand of (1) the radical is to be taken with the plus sign, as [r? + 2] is a length, 
namely, the radius vector from the origin to the element in question. In evaluating (2), then, 
we must take the radical with the plus sign. But when r is zero the value of the radical is + z, 
so that we must take + z when z is positive, — z when z is negative. In obtaining (3), however, 
this value was taken as + z for all values of z. (3) should read 


Also solved by Paunt Capron, J. W. CLawson, GEORGE PAASWELL, K. P. 
WILLIAMS, and the Proposer. 


323. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


Two equal bodies are placed on a rough inclined plane, being connected by a light inelastic 
string; if the coefficients of friction are respectively 1/3 and 1/4, show that they will both be on 
the point of motion when the inclination of the plane is sin (7/25). 


SoLuTion By H. S. Unter, Yale University. 


In order to obtain the given inclination it is necessary to assume that the string lies in a 
vertical plane which is perpendicular to the intersection of the inclined plane with any horizontal 
plane, that it is taut, ete. From simple mechanical considerations it is evident that the body 
associated with the greater coefficient of friction must be higher up on the incline than its tandem 
body. Let m and 7 denote, respectively, the mass of either body and the tension of the string. 
By resolving the weight (mg) of each body parallel and perpendicular to the incline, and by em- 
ploying the definition of the coefficient of friction, we find at once that the condition for being on 
the point of motion is expressed by the equations 


T + mg sina — 34mg cosa = 0, 
— T + mgsin a — img cosa = 0, 


where a symbolizes the angle of elevation of the inclined plane. By first adding these equations 
and then dividing through by mg we get 


2 sin a — (7/12) cosa = 0, 
or 
= (7/24) = sin=! (7/25). 
Also solved by J. Ros—enBpAumM, Horace Oxson, H. C. Feemster, C. A. 
NICKLE, G. PAASWELL, W. C. Exttis, J. A. Caparo, W. H. Toome, and A. G. Rav. 


NUMBER THEORY. 
211. (April, 1914.) Proposed by E. T. BELL, University of Washington. 


If an odd perfect number exists, the total number of its divisors is a multiple of 2 but not of 
4; or, what is the same thing, an odd perfect number must be of the form p*-'n? where p is a 
prime and a is odd. 


Remark BY Tracy A. Prerce, Harvard University. 


Lucas in his Théorie des Nombres proved that an odd perfect number must be of the form 
(4m + 1)***+1n?2, where 4m +1 is a prime. See an article by Bourtet in Nouv. Ann. de Math., 
1896, pp. 297-312. 


208. (March, 1914.) Proposed by E. T. BELL, University of Washington. 
If an odd number be perfect it cannot be the sum of two squares. 


| 
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Remarks BY Tracy A. Prerce, Harvard University. 


It is well known that every prime of the form 4m + 1 is the sum of two squares. Using 
Lucas’s form of an odd perfect number (see Problem 211 above) we see that 


(4m + 1)**#1n? = (a? + y*)[(4m + 1)**Pn? = (2? + = X? + 
contrary to the proposition as proposed. 


229. (March, 1915.) Proposed by WALTER C. EELLS, Whitman College. 


If p and q are integers and p is prime and positive, find the condition on qg that the equation 
p* = qx shall have integral solutions, solve for z, and show that for a special value of p it has two 
solutions for a certain g, otherwise only one. 


I. SoLtution By Frank Irwin, University of California. 


Since p is prime, we must have x = p*, g = p, where a and b are positive integers or zero 
(for a). Now p*t’ = gx = pP*, so that b = p* —a, and gq is necessarily of the form p(»*-®), 
This condition is evidently also sufficient. 

Given, then, such a q, the exponent p* — a may be determined; then a, which will give us z, 
is that number which must be added to this exponent to make it equal to the next higher power 
of p. For no power of p can lie between p* — a and p*, since p* — a > p*~, as may be readily 
proved, for instance by mathematical induction. 

Of the cases that require special investigation, a = 0, and p = 2 with a = 1 or 2, the only 
one for which, given p* — a, there is more than one solution for a, is the case 


2°—a=1, 


which has two solutions a = 0, 1. There are two solutions of our problem then for the case 
p =2,q = 2, viz., = 1, 2. 


II. SOLUTION BY THE PROPOSER. 


Consider the two functions, y = p*, y = qx. For x = k (any integer), y = p*. The slope 

of line y = gz, passing through (k, p*), is g = p*/k, which is integral if and only if 
k= (n = 0, 1, 2, 3, i. 

(If k < 0, q is fractional since it is then = 1/kp*). 

Substituting this value of g in the given equation, it is easily seen that it is satisfied if and 
only if 

(n = 0, 1, 2, 3, 
Consider the exponent of p, namely p" — n. We have 
[p" — = 1, and [p* — = p—1. 


Then x; = p® and zx; = p' will be solutions of the given equation if 1 = p — 1, 7. e., if p = 2. 
From the graphs of the exponential function it is easily seen that y = gz can have but one integral 
intersection if p + 2, mn + 0, n2 + 1. 

The equation having two solutions is 2? = 2z, of which 2, = 1, z, = 2. 


230. (April, 1915.) Proposed by E. B. ESCOTT, Ann Arbor, Michigan. 


Find three numbers such that their sum, the sum of their squares, and the sum of their 
cubes, shall be a cube. 

Note.—W. D. Cairns says this problem, which was proposed in L’Intermediaire in 1900, 
remains unsolved to date, even though it was reprinted in February, 1913. 


Remarks By ArteMAS Martin, Washington, D. C. 


The above problem was published in the Mathematical Visitor, Vol. I, No. 1 (Erie, Pa.,. 
March, 1877), page 6, as No. 9 in a list of “‘Unsolved Problems.”’ So far as the writer at present 
knows that was the first publication of the problem and it still remains “unsolved.” 
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233. (June, 1915.) Proposed by V. M. SPUNAR, Chicago, Illinois. 


Solve in rational numbers 2? + y? = a?, zy = m/n, when m and n are integers and relatively 
prime to each other. 


Sotution By A. H. Hotmes, Brunswick, Maine. 
Putting x = (p? — @)/(2p + 2¢ + 1), y = (2pq)/(2p + 2¢ + 1), we shall have 
a = (Pp? + @)/(2p + 2g + 1), m = 2pq(p? — @), 


and n = (2p + 2q + 1)? except in the cases where p = gq + 1, 2g + 1, or 5g + 1, in which cases 
n=2p+2q¢+1. 

For smallest values put q = 1, p = 2, using the minus sign of the denominator. Then 
z=l1,y = 4/3, a = 5/3, m = 4, andn = 38. 


Also solved by H. N. Car.Leton. 


QUESTIONS AND DISCUSSIONS. 
SEND ALL communications To U. G. MircHeLL, University of Kansas, Lawrence. 
DISCUSSIONS. 
I. RELATING TO AN INSTRUCTIVE PROBLEM IN ATTRACTION. 
By Epwin WItson, Massachusetts Institute of Technology. 


In B. O. Pierce’s Newtonian Potential Function (3d ed.) there is found on 
page 28 this exercise: 

Show that the attraction at the focus of a segment of a paraboloid of revolu- 
tion bounded by a plane perpendicular to the axis at a distance b from the 
vertex is of the form 4zpa log (1 + b/a). 

This problem is also found in other texts. The answer is very easy to get; 
it is also wrong. One way in which the answer may be found is this: 

The attraction of a disc of mass M and radius r at a point on its axis at a 
distance c from the center is 


If the equation of the revolved parabola is 4ay = 2’, the attraction of a segment 
at the focus is 


day V(y — a)? + 4ay 


and the total attraction is 


y—a 


To the careless person this gives 


b 
A = 2rp i rs = 4rpa log (1 + b/a) 
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because V(y + a)? for him equals y+ a. Indeed, since y+ a does not pass 
through zero, it might seem as though the root could be extracted in this way. 
In the numerator, however, there occurs the expression y — a which does pass 
through zero when y = a (t. e., at the section through the focus) and this should 
be a danger signal. 

There is another sign of trouble and a very fundamental one. We can not 
expect to get a single formula to express the attraction of the segment for the 
two cases b < a and b > a, any more than we can expect to get a single formula 
for the attraction of a sphere on a point irrespective of whether the point is 
inside or outside of the sphere. The attraction is a continuous function of b; 
but the derivative of the force with respect to b is discontinuous when b = a, 
as is familiar to all who are acquainted with Poisson’s Equation and its physical 
significance. The amount of the discontinuity is 4p. 

The solution of this, and similar problems, is carried out in two steps. First 
when b < a, the attraction is toward the vertex of the paraboloid and equal to 


A= 2np (1 ay = log +1)], 


which, when b = a, gives the value 4rpa(1 — log 2). When b > a, the calcula- 
tion of the attraction of the part of the segment beyond the focus gives 


y—a b 
amp { dy = tog +1) ~ tog? | 


and directed away from the vertex. The whole segment from 0 to b, therefore, 
has the attraction equal to 


A= 4xpa| 1 —tog(*+1)], b> a, 


toward the vertex. This value vanishes when b = a(e— 1) or when b—a 
= (e — 2)a = 0.718a. When b exceeds a(e — 1) the resultant attraction is 
away from the vertex. 


II. RELATING TO A PROBLEM IN MINIMA. 
By Dunuam Jackson, Harvard University. 


On page 339 of Osgood’s Calculus (Ex. 9), the following problem is proposed: 

“Find the point so situated that the sum of its distances from the three 
vertices of an acute-angled triangle is a minimum.” 

The answer is given: 

“The lines joining the point with the vertices make angles of 120° with one 
another.” 

Then the note is added, 

“For a complete discussion of the problem for any triangle see Goursat- 
Hedrick, Mathematical Analysis, Vol. 1, § 62.” 
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The following simpler proof, which the writer has not seen in print, is so very 
brief that it may be worth while to give space to it, in spite of the inherent 
probability that it has already appeared somewhere.' 

In the first place, let P be a point free to move along a straight line, and O 
a fixed point not on the line; let r be the length of OP and @ the angle which it 
makes with the given line; and let x be the distance of P from a fixed point 
of the given line. Then it is seen immediately, either geometrically or analyt- 
ically, that 

dr 


—= cos 0 
dx y 


except for the question of the algebraic sign, which is readily determined in any 
given case. 

Now let ABC be the given triangle, and O the point, assumed to exist some- 
where, which makes the sum of the three distances a minimum. Let the angles 
BOC, COA, AOB, be denoted by 41, 62, 63, respectively. Since the sum of the 
distances is less for O than for any other point of the plane, it is in particular 
less for O than for any other point of the line OA. Let 0’ be a variable point of 
OA, and z its distance from 0, measured positively toward A. Let 1, ro, 13 
stand for the distances 0’A, O’B, O’C respectively, and 4’, 02’, 63’ for the angles 
BO'C, CO’A, AO’B. By the remark above, 


a a COS U2 ; 


as to the signs, it is clear that r; diminishes when z increases,? while rz and rz 
diminish or increase according as the respective angles are acute or obtuse. When 
0’ coincides with O, so that 62’ and 63’ reduce to 42 and 63, the sum of the three 
distances is to be a minimum, and the sum of the derivatives must be zero. 


That is, 
(1) cos 62 + cos 63 + 1 = 0. 
If we apply the same reasoning to the lines OB, OC, we find 
(2) cos 6; + cos 1 = 0, 
(3) cos 6; + cos #. + 1= 0. 
By addition of these three equations and division by 2, 
(4) cos 4; + cos 62 + cos 63 + : = 0. 


Subtracting (1), (2), and (3) in turn from (4), we obtain 


1 1 
cos 6, = cos 2 = — 5, cos 03 = — 5. 


This is equivalent to the statement to be proved. 


1It is equivalent in substance to the proof given in de la Vallée Poussin’s Cours d’analyse 
infinitésimale, Vol. 1, end of Chapter III; but it is slightly more elementary in form. 

2 If O’ passes beyond the vertex A, of course r; increases with z; but it is not necessary to 
consider such points 0’. 
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It will be noticed that in this demonstration no use has been made of the 
assumption that the angles of the triangle are acute. On the other hand, if an 
angle of the triangle is greater than 120°, it is clear that there is no point O such 
that the lines 0A, OB, OC make angles of 120° with each other. The explanation 
of the paradox is, that it was tacitly assumed that O does not coincide with a 
vertex, and in the case of an angle greater than 120° the point which gives the 
minimum actually is the vertex of the obtuse angle. 


NOTES AND NEWS. 
SEND comMMuNiIcaTIONS TO D. A. Rorurock, Indiana University, Bloomington, Ind. 


The Royal Society recently granted the Sylvester Medal to Professor Gaston 
Darsovx for his contributions to mathematical science. 


Professor W. R. Smita, of the University of Minnesota, has gone to Dallas, 
Texas, as teacher of mathematics in the Terrill School for Boys. 


Dr. Gittre A. Larew, who has been on leave during the past year, has re- 
turned to her position in Randolph-Macon Woman’s College as adjunct professor 
of mathematics. 


Dr. Isaac SHARPLESS, formerly instructor and professor of mathematics at 
Haverford College, and president since 1887, retires from active service at the 
end of the present college year. 


The following appointments to instructorships in mathematics have recently 
been made: Mr. H. C. CLEVENGER, at the school of mines of the University of 
Montana; Mr. C. V. ReyNoups, at Wesleyan University; and Mr. F. L. Smrru, 
at Princeton University. 

Promotions have been announced as follows: Dr. W. M. Smita, to a professor- 
ship of mathematics at Lafayette College; Assistant Professor R. M. WINGER, to 
a professorship at the University of Oregon; Dr. J. K. LAmonp, to a professorship 
at Pennsylvania College; Mr. H. W. Myers, to a professorship at Huron College; 
Dr. H. W. RoEvEr, to an associate professorship of mathematics and Dr. G. O. 
JAMES, to an associate professorship of mechanics and astronomy, at Washington 
University; Dr. R. L. Moors, to an assistant professorship at the University of 
Pennsylvania; Dr. W. E. MILng, to an assistant professorship at Bowdoin College; 
Dr. A. R. CRATHORNE, to an assistant professorship at the University of lllinois; 
Dr. J. J. Luck, to an adjunct professorship of mathematics at the University of 
Virginia; and Dr. W. V. Lovirt and Dr. T. E. Mason, to assistant professorships 
at Purdue University. 

Professor H. B. LEonarp, of the University of Oregon, becomes professor 
of mathematics at the University of Arizona, and assistant professor G. H. 
CRrESSsE has been promoted to an associate professorship of mathematics. 
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The tenth regular meeting of the Southwestern Section of the American 
Mathematical Society was held at the University of Kansas, on December 2, 
1916. Eleven papers were presented by representatives from the universities 
of Texas, Kansas, Nebraska, Missouri and Oklahoma, and from Washington 
University and Rice Institute. Visiting members of the Society were entertained 
by the mathematics department of the University of Kansas on Friday evening 
at a smoker and on Saturday noon at a luncheon. 


Among the scientific papers in the tenth number of Vol. 2, Proceedings of the 
National Academy of Sciences are: “ Point sets and Cremona groups,” by A. A. 
Cosi, of Johns Hopkins University; “Some problems of Diophantine approxi- 
mation,” by G. H. Harpy and J. E. LirrLewoon, of Trinity College, Cambridge 
and “Newton’s method in general analysis,’ by A. A. BENNETT, of Princeton 
University. 


“The mathematics of common things” is the subject of an interesting paper 
in Vol. 16, No. 7, School Science and Mathematics, by Miss Harriet C. Guazier, 
of The Western College for Women, Oxford, Ohio. The writer of this paper 
enumerates a large number of illustrations of the fundamental notions of algebra 
and geometry as related to the facts of nature. Quantity, quality, conditions, 
functions, and geometric facts are considered in the paper. 


A Mathematics Club has been organized at the University of Alabama, 
with D. SKoLNIK as chairman. Such clubs among the students of the colleges 
serve as a great stimulus to individual effort along special lines of study, and in 
many instances furnish a means of instructing students less advanced in mathe- 
matical knowledge. Last year the members of the Mathematical Society of the 
College of the City of New York volunteered a few hours each weeks for instructing 
freshmen who had been retarded in their mathematics. Such service is most 
valuable, enabling many students who otherwise drop out of college to gain normal 
standing. Mathematics clubs in high schools could very readily be organized 
to undertake similar volunteer service for those retarded in the high-school 
studies. 

Mathematics clubs are maintained in a number of the Chicago high schools. 
Interesting programs are provided, and at times are made to include a union of 
several clubs. On November 27, a union program was given by the clubs of 
Bowen, Wendell Phillips, Harrison Technical, and Hyde Park high schools as 
follows: “The nine point circle,”’ by J. Wr1ss, of Wendell Phillips; “‘An algebraic 
proof of the Pythagorean theorem,” by E. A. Vortsex, of Harrison Technical; 
“Modern Geometry,” by C. BARTLETT, of Hyde Park; and “The sum of the angles 
of a triangle on the sphere and pseudosphere,” by C. PeTErson, of Bowen high 
school. 


We record the death of a number of mathematicians: Professor F. Pry, of 
the University of Wiirzburg, December 15, 1915, at the age of seventy-five years; 
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Professor P. Dunem, of the University of Bordeaux, at the age of sixty-seven; 
Dr. Witu1am Esson, Savilian professor of mathematics in the University of 
Oxford, at the age of eighty-eight; Professor S. B. MacLaren, of University College, 
Reading, who died from wounds received in battle; Dr. HENry GunpER, formerly 
professor of mathematics at Findley College, Ohio, and later at Little Rock 
University, Arkansas, at the age of seventy-nine years; Dr. Percrvat LowELL, 
director of the Lowell observatory, Flagstaff, Arizona, at the age of sixty-one 
years; Professor A. G. Smrru, head of the department of mathematics and astron- 
omy at the University of Iowa, at the age of forty-eight years; Dr. W. C. Esty, 
professor of mathematics and astronomy at Amherst College from 1862 to 1905 
and since 1905 professor emeritus of mathematics; Mr. J. C. Raywortu, assistant 
professor of mathematics at Washington University, St. Louis, at the age of 
forty-two; and Professor CLEVELAND ABBE, of the United States Weather Bureau, 
at the age of seventy-eight. 


The Association of Mathematics Teachers of New Jersey held its fifth regular 
meeting in the Central High School, Newark, N. J., on November 25, 1916. 
Professor C. O. GunTHER, of Stevens Institute of Technology, is president, and 
Mr. A. S. Heceman, of Central High School, Newark, is secretary. This organ- 
ization of the teachers of mathematics of New Jersey has conducted a number of 
investigations along pedagogical and administrative lines, and at the present meet- 
ing received the “Final report of the committee on trigonometry courses,” by 
the chairman of the committee, Professor C. O. GuNTHER. Secondary mathe- 
matics was provided for on the program by two papers: “The first-year high- 
school course in mathematics,” by Mr. A. W. Brtcuer, of the East Side High 
School, Newark; and “Teaching first year algebra,” by Mr. W1L11aAM STRADER, 
of Dickinson High School, Jersey City. A discussion on “Newton’s analytical 
triangle” was given by Mr. W. D. Ress, of Rutgers College, and “Some theorems 
on regular polygons described on the sides of a triangle,” by Professor C. R. 
MacInngs, of Princeton University. 


“The zero and principle of local value used by the Maya of Central America” 
is the subject of an interesting historical note by Professor FLor1an CaJsori in 
Science, Nov. 17, 1916. Attention is called to the early use of a symbol for zero 
and the principle of local value of number symbols employed by the Maya 
probably dating back near the beginning of the Christian era. The Maya glyphs 
first deciphered by FérsTeMANN of Dresden, 1886, and independently by Goop- 
MAN of California, relate for the most part to the calendar, to chronology, and to 
astronomy. The unit of this number system was 20, for which a special symbol, 
a half closed eye with a dot above, was used. Separate symbols of dots and bars 
represented the numbers from 1 to 19, each dot representing 2 unit, and each bar 
representing five units. Professor Casort gives as his source of information the 
recent Bulletin 57 of the Bureau of American Ethnology, Smithsonian Institution, 
Washington, D.C. This bulletin is an elementary presentation of the principles 
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of American archeology entitled “An introduction to the study of the Maya 
hieroglyphs,” by S. G. Mortry. Copies of this valuable publication may be 
obtained at a nominal cost from the superintendent of documents, Washington, 
D. C. 


College-entrance mathematics receives a vigorous criticism from a writer in 
School and Society, October 21, 1916. The occasion for the article seems to have 
been the lowering of the passing grade for freshmen entering Harvard University 
under the examination in algebra conducted in June by the College Entrance 
Board. It seems that some 75 per cent. of the candidates fell below the passing 
grade of 60 per cent. in algebra, but in other subjects 75 per cent. passed. This 
situation the university authorities met by lowering the passing grade in algebra. 
The writer of the above-mentioned paper launches his discussion by saying: 
“Why should we longer annoy and worry our boys and girls with algebra (and 
geometry?) in their busy preparation for college? especially as these subjects are 
for the large majority as useless as they are plainly worrisome?” And again, 
“algebra is a time-wasteful fetish, an anachronism for the great majority of boys 
as well as for nearly all the girls.” But what shall we have in the place of mathe- 
matics? Can we not as well say that ancient language, or the modern languages, 
or history, or science are time-wasteful for a large number of boys and girls? Few 
people use a foreign language after leaving school, and why do we modern mortals 
want to know anything of the history of the dead past? So far as college entrance 
examinations are concerned, these subjects may be made just as wnpassable as 
algebra. It is interesting to note the recent memorandum (School and Society, 
Dec. 9, 1916) of the Teaching Committee of the Mathematical Association of 
Great Britain on what the pupil should acquire from a school course in mathe- 
matics. After concurring with the councils of the Classical, English, Geograph- 
ical, Historical and Modern Language Associations in the view that any reor- 
ganization of the educational system should make adequate provision for both 
humanistic and scientitic studies, should discourage premature specialization, 
and should insure some of the essentials of a liberal education to those preparing 
for the profession, the committee goes on to “submit that from a school course in 
mathematics the pupil should acquire: (1) an elementary knowledge of the prop- 
erties of number and space; (2) a certain command of the methods by which such 
knowledge is reached, together with facility in applying mathematical knowledge 
to the problems of the laboratory and workshop; (3) valuable habits of precise 
thought and expression; (4) some understanding of the part played by mathe- 
matics in industry and practical arts, as an instrument of discovery in the sciences, 
and as a means of social organization and progress; (5) some of the appreciation 
of organized abstract thought as one of the highest and most fruitful forms of 
intellectual activity.” 
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48 MEETING OF THE ASSOCIATION. 
THE NEW YORK MEETING OF THE ASSOCIATION. 


The second annual meeting of the Mathematical Association of America was 
held in New York City on Thursday, Friday, and Saturday, December 28-30, 
1916. A full report of the meeting will appear in the February issue of the 
Montaiy. There is opportunity now, as the present issue goes to press, for 
only one announcement, namely, concerning the election of officers. 

Great interest had been manifested from the outset in the scheme of elections 
provided by the constitution. The result of the primaries would have put in 
nomination for the presidency the names of Professors Hedrick and Huntington, 
but upon Professor Hedrick’s insistence that a precedent should be established 
from the beginning in favor of a single term for the president, the nominating 
committee acceded to his withdrawal and selected as candidates from the suc- 
ceeding names on the primary ballot Professor E. V. Huntington and Professor 
‘Florian Cajori. 

For the two vice-presidents, the four candidates indicated by the primaries 
were Professors Oswald Veblen, D. N. Lehmer, H. W. Tyler, and C. S. Slichter. 
For Secretary-Treasurer, the two candidates were Professors W. D. Cairns, and 
Dunham Jackson; and for the four members of the Council, the eight candidates 
were Professors R. E. Moritz, K. D. Swartzel, D. E. Smith, E. R. Hedrick, D. A. 
Rothrock, F. L. Griffin, Elizabeth B. Cowley, and Helen A. Merrill. 

The total number of votes cast by mail (in time to be counted) and in person 
at the meeting amounted to 405, a most gratifying number in view of the fact 
that this was the first opportunity for the members to participate in a real elec- 
tion and to demonstrate that such matters need not be merely perfunctory. 

The tellers appointed at the business meeting, Professors G. H. Ling, W. R. 
Ransom, and H. E. Hawkes, Chairman, performed their task with deliberation 
and care, thus prolonging the suspense to the point of acute expectancy both for 
the members present and especially for the presidential candidates, between 
whom the most friendly rivalry prevailed and concerning whom persistent 
rumors declared the contest to be very close. 

The tellers finally reported the results as follows: For President, Professor 
Florian Cajori (winning over Professor Huntington by a vote of 203 to 202). 
For Vice-Presidents, Professors Oswald Veblen and D. N. Lehmer. For Secre- 
tary-Treasurer, Professor W. D. Cairns. For members of the Council to serve 
until January, 1920, Professors E. R. Hedrick, D. E. Smith, R. E. Moritz, and 
Helen A. Merrill. 


Important Notice. Reprints of Professor Huntington’s article in this issue 
will be furnished at cost (from five to ten cents per copy according to the num- 
ber demanded) to all who apply before January 25, 1917. Please send orders to 
the Manaaine Epiror. 
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SECOND ANNUAL MEETING OF THE ASSOCIATION. 


The second annual meeting of the Mathematical Association of America was 
held at Hamilton Hall, Columbia University, New York City, on Thursday, 
Friday and Saturday, December 28-30, 1916, in affiliation with the American 
Association for the Advancement of Science. There were 184 persons present 
at the various meetings, including 141 members of the Association as follows: 


Joseph Allen, College of the City of New York, New York, N. Y. 
R. B. Allen, Kenyon College, Gambier, Ohio. 
R: C. Archibald, Brown University, Providence, R. I. 
C. H. Ashton, University of Kansas, Lawrence, Kan. 
Clara L. Bacon, Goucher College, Baltimore, Md. 
Ida Barney, Smith College, Northampton, Mass. 
L. A. Bauer, Carnegie Institution, Washington, D. C. 
R. D. Beetle, Dartmouth College, Hanover, N. H. 
C. A. Bergstresser, Boys’ High School, Brooklyn, N. Y. 
Harry Birchenough, N. Y. State College for Teachers, Albany, N. Y. 
G. D. Birkhoff, Harvard University, Cambridge, Mass. 
Vevia Blair, Graduate School, Columbia University, New York, N. Y. 
Joseph Bowden, Adelphi College, Brooklyn, N. Y. 
J. W. Bradshaw, University of Michigan, Ann Arbor, Mich. 
E. W. Brown, Yale University, New Haven, Conn. 
H. S. Brown, Hamilton College, Clinton, N. Y. 
T. H. Brown, Brown University, Providence, R. I. 
Daniel Buchanan, Queen’s University, Kingston, Ontario, Can. 
H. E. Buchanan, University of Tennessee, Knoxville, Tenn. 
W. G. Bullard, Syracuse University, Syracuse, N. Y. 
R..W. Burgess, Brown University, Providence, R. I. 
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